SOLUTIONS TO PROBLEMS FROM JEE ADVANCED PREVIOUS YEARS
Complex Numbers
SET 1

Fill in the Blanks

[sin(§)4-cos(§)—itan(z)]

ESIETE) is real, then the set of all possible values of x is ........
2

1. If the expression

Solution: Let the given expression be Z.

 [sin (%) +cos (%) — i tan(z)]
7= [+ 2isin (2)]

For Z to be real, Z = Z, which means the imaginary part of Z must be zero. We multiply the
numerator and denominator by the conjugate of the denominator:

_ [sin (£) + cos (£) — itan(z)] [1 — 2isin (£)]
[ + 27 sin (%)] [1 — 2isin (%)]
sin § +cos 5 ) — 2isin § (sin § + cos § —itanz + 2% tanxsin £
2 2 2 2 2
12 + (281n 5)2
sinZ +cos%) —2tanxsinZ +4|—2sinZ (sin% +cos %) —tanx
2 2 2 2 2 2
1+4sin2%

For Z to be real, the imaginary part must be zero:

) )i
—2sin® (;2 - 2sm( )cos( ) — tan(z) = 0

Using the double angle identity, 2sin £ cos £ = sin x:

x
2
—(1 —cosz) —sinx —tanx =0

cosr +sinx +tanx =1

Since tan  must be defined, z # (m+ )7, m € Z. Let’s check the case where sin2 = 0. This implies
x =nm, n € Z. If x =2knr (even multiple of 7): cos(2km) + sin(2k7) + tan(2kw) =1+04+0 = 1.
This is true. If x = (2k+ 1)7 (odd multiple of 7): cos((2k + 1)7) +sin((2k + 1)m) + tan((2k + 1)7) =
—1+0+0=—1%1. This is false.

So, x =2nm, n € Z.
Answer: z =2nm,n €7Z
2. For any two complex numbers 21, 2o and any real numbers a and b, |az; — bza|? + |bz1 + az2|? = .....

Solution: We use the property |z|> =

lazy — bza|® = (az1 — bzo)(az; — bzy)
= (az; — bzz)(az1 — bz3) (since a,b € R)
= a’217] — abz1 73 — abzaz] + b2 2973

= a?|z1)? — ab(:1% + 7172) + b |20)?

|bz1 + azs|® = (bz1 + az2)(bzy + azs)
= (bz1 + az2)(bz1 + aZ3)
= 0?2177 + abz1Z5 + abzez] + a’2973

= 02|21|? 4 ab(z1 % + 71%2) + a®| 20



Adding the two expressions:

laz1 — bza|® + [bz1 + aza]? = (a®|21* + b%|22]?) + (b*|21)* + a?|22]?)
= (> +5%)|a1* + (a® + b%)| 2]
= (a® + ) (|21 + |22]?)
This is a generalization of the Parallelogram Law.
Answer: (a? +b?)(|21]? + |22]?)
. If a and b are real numbers between 0 and 1 such that the points z; =a+ 14,20 =1+ bi and 23 =0
form an equilateral triangle then a = .... and b = ...

Solution: For an equilateral triangle with vertices z1, 22, 23, the side lengths must be equal, i.e.,
‘Zl — 22| = ‘ZQ — 23| = ‘2’3 — Zl|.

1. |21—Z3‘:|22—Z3‘ - |Z1‘:|22|
la +1i| = |1+ bi]

\/a2+12=\/12—|—b2
A+1=14b = a2 =%

Since a,b € (0,1), we must have a = b.

2. The condition for z1, 29, 23 to form an equilateral triangle is z% + z% + z% = 2120 + 2023 + 2321.
With z3 = 0, this simplifies to z% + z% = z129. Substituting z; = a+14 and 2 = 1 + ai (since a = b):

(a+9)2 4+ 1+ ai)? = (a+i)(1 + ai)
(a® =1+ 2ai) + (1 — a® + 2ai) = (a — a) +i(a® + 1)
4ai =i(a® +1)
Since a € (0,1), i # 0, so we divide by i:
da=a®+1
a*>—4a+1=0
Using the quadratic formula for a:

() EV(2-A)(A) 4+ VIE-4 4+ V12

“ 2(1) 2 2

44+ 2+/3
:T\[:Qiﬁ

We are given that a € (0,1). 2+ /3 ~ 2+ 1.732 = 3.732 (rejected). 2 — /3 ~ 2 — 1.732 = 0.268.
Since 0 < 0.268 < 1, this is accepted.

Therefore, a = 2 — /3. Since a = b, we have b = 2 — /3.
Answer: a =2 —+v3and b=2— 3

a

TRUE / FALSE

For complex numbers 21 = x1 + iy; and 2o = x5 + iy2, we write z; N 29 , if 1 <z and y; < yo.

Then for all complex numbers z with 1 N z, we have }jrj Nno

Solution: The relation z; N 29 is defined as 1 < x2 and y; < y2. The condition 1 N z means:
1N (x+iy),sol<zand0<y.

We need to check if L__j NO0. Let w = L‘_; = u + tv. The condition w N0 means v < 0 and v < 0.

oL @riy)  (1-w)—iy
14 (z+iy) (14x2)+iy
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Multiplying by the conjugate of the denominator:

(A—2)—iy)(A+z)—iy)  (A—ax)A+z)—i(l—z)y—i(l+z)y—y°

w = : = =
(14 2) +iy) (1 + ) —iy) (1+2)2 + 2
(1—a®—y*) —i(2y)
w =
(1+2)? +y?
The real part is u = m;;f; The imaginary part is v = m_;)izzﬂ_yz

From 1Nz, we have x > 1 and y > 0.

1. Check v < 0: Since y > 0 and the denominator (1 + x)? + y? is positive (assuming z # —1), we
have v = M;)iiyﬂﬂ < 0. This is true.

2. Check u < 0: Since z > 1, we have 22 > 1. Thus, 1 — 22 < 0. Since y > 0, > > 0. Therefore,
1 — 22 —y? < 0. Since the numerator is non-positive and the denominator is positive, we have

— 2_ 2 . .
U= (145)72-5@,2 < 0. This is true.
Since both u < 0 and v < 0 are true, =2 N0 is true.

7 142
Answer: TRUE

. If the complex numbers, 21,22 and z3 represent the vertices of an equilateral triangle such that
|z1| = |z2] = |23], then 21 + 29 + 23 =0

Solution: The condition |z1| = |22| = |23| means the vertices of the triangle lie on a circle centered
at the origin, i.e., the origin O(0) is the circumcenter of the triangle Az zo23.

For an equilateral triangle, the circumcenter coincides with the centroid. The centroid of Azjzo23 is
G = 2215 Since the circumcenter is O(0), we have G = 0.
21+ 29 + 23
3
21+ 29 + 23 = 0

=0

The statement is true.
Answer: TRUE

OBJECTIVE TYPE Only one option is correct

AN
. The smallest positive integer n for which (%) =1,is

A.8 B.16 C. 12 D. none of these

Solution: First, simplify the complex number inside the parenthesis:

14+i 14i 14+i (1442 1+2i4+i® 14+2—-1 2i

1—i 1—4 144 12— 1-(-1) 2 2

The equation becomes ™ = 1. The powers of 7 repeat in a cycle of 4: 3! =4,i%2 = —1,33 = —i,i* = 1.
The smallest positive integer n for which i =1 is n = 4.

Answer: The correct option is none of these (as the answer is 4).

z—51
z+51
A. the x axis  B. the straight line y =5  C. a circle passing through the origin =~ D. none of
these

. The complex numbers z=x-+iy which satisfy the equation

lzllieon:

Solution: The given equation is ‘Z_M‘ = 1. This can be written as |z — 5i] = |z — (—5i)|. This

z+51
equation states that the distance of z from the point z; = 5i is equal to the distance of z from
the point zo = —5i. The locus of a point equidistant from two fixed points is the **perpendicular

bisector®* of the segment joining the two points. The points 5i and —5i lie on the imaginary axis.
The midpoint of the segment joining 5¢ and —5¢ is w = 0. The perpendicular bisector of the
imaginary axis segment passing through the origin is the **real axis** (or x-axis).
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Alternatively, using coordinates z = x + 1y:
|z + iy — bi| = |z + iy + 51
[z +i(y —5)| = o +i(y + 5)|
Va2 +(y = 5)* = /a2 + (y +5)2

Squaring both sides:
2?24+ — 10y +25 =2 + 2 + 10y + 25

—10y = 10y
20y=0 = y=0
Since z = x + iy = x, z lies on the real axis (x-axis).
Answer: the x axis

ST z=(2 + 1)5 4 (%3 — )5 then :
A. Re(z)=0 B. Im(z) =0 C. Re(z)>0,Im(z) >0 D. Re(z) >0,Im(z) <0

Solution: We can write the terms in polar form:

The expression for z becomes:

Using Euler’s formula, e* = cos# + isin @:
= | cos om + ¢ si o =+ [ cos _om + ¢ si _om
z= 5 isin | — 5 isin 5
s (T 4 TV 4 (s (7 e (O
=|cos{ s 5 cos | is 5

Since cos(%’r) = cos(m — §) = —cos(§) = —%5.

Since z = —/3, we have Im(z) = 0.

Answer: Im(z) =0

. The inequality |z — 4| < |z — 2| represents the region given by :

A. Re(z) >0 B. Re(2) <0 C. Re(z) >0 D. none of these

Solution: The inequality |z — 4| < |z — 2| states that the distance of the point z from z; = 4 is
strictly less than the distance of z from zo = 2. The boundary |z — 4| = |z — 2| is the perpendicular
bisector of the segment connecting z; = 4 and zo = 2 on the real axis. Midpoint: 4—‘52 = 3. The
perpendicular bisector is the line Re(z) = 3 (or z = 3).

The region |z — 4| < |z — 2| is the side of the line # = 3 that contains the point 2o = 2. Since
2—4=-2and 2—-2=0, and | — 2| < |0] is false, we must check a point. Test a point, say z = 0:
|0 —4] < |0 —2] = 4 < 2, which is false. Test a point, say z =1: |1 —4| < |1 -2] = 3 <1,
which is false. Test a point, say z = 3.5: 3.5 — 4] < [3.5 — 2| = 0.5 < 1.5, which is true.
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10.

Since z = 3.5 lies in the region, and 3.5 is to the right of 3, the region is Re(z) > 3.
Let’s use the algebraic method with z = x + iy:

|z +iy — 4] < |z + iy — 2|

V=42 +y < V(@272 +p°

Squaring both sides (since both sides are non-negative):

(x— 4%+ < (xz —2)? + 4>
2’ — 8z 416 <z® — 4z +4
—8r+16 < -4z +4
12 < 4x
3<x
The region is Re(z) > 3.

Comparing with the options, Re(z) > 3 is a subset of Re(z) > 0. However, the options given are
incorrect for the JEE standard. Assuming there is a typo in the options and one should be Re(z) > 3
or similar, we choose the closest general condition that is true for x > 3. Since z > 3 is the exact
answer, and x > 3 = x > 0, Re(z) > 0 is a plausible choice if the option Re(z) > 3 is missing,
but Re(z) > 0 is too broad. None of the options correctly describe the region z > 3. If the question
or options intended to be simpler, let’s re-examine.

Based on the typical context of this question type, the intended answer is often the line dividing the
points, which is x = 3. The region is z > 3. Since x > 3 is not an option, and = > 0 is too general,
the mathematically correct option from the given choices is "none of these”.

Answer: none of these

If z = x+iy and w = ((1Z:if)) then |w| = 1 implies that, in the complex plane :

A. z lies on the imaginary axis B. z lies on the real axis C. z lies on the unit circle D. none
of these

Solution: Given |w| =1, we have:

1
’L,’Z’ -1
z—1
|1 —iz| =]z — i
We use the property |iz| = |i||z] =1 |z| = ||
. . . 1 . .
[1—de] =] = (iz =] =] = (i(z = )| = [ = (i(z +1))]
1—iz] = | —i(z i)l = | —illz+il = 1- |z 44| = |z +i]
So the equation becomes:
2+l = |z — i
This states that the distance of the point z from z; = —i is equal to the distance of z from z9 = 1.

The locus of z is the perpendicular bisector of the segment joining ¢ and —i. The points 7 and —i
are on the imaginary axis. The perpendicular bisector is the **real axis** (x-axis).

Alternatively, using coordinates z = x + iy:
o+l =z~
|z + iy +i| = |z + iy — 1]
|z +i(y + 1) = |z +i(y — 1)
Vaz+(y+1)2 = Va? + (y — 1)

Squaring both sides:
24+ 2+ 1=a 4+ -2y +1
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11.

12.

2y = -2y
y=0 = y=0
Since z = x + iy = z, z lies on the real axis.

Answer: z lies on the real axis

The point z1, 23, 23, 24 in the complex plane are the vertices of a parallelogram taken in order , if
and only if :
A z1+2z4=29+23 B. z1+2z3=20+24 C. 21 +20=23+24 D. none of these

Solution: In a parallelogram, the diagonals bisect each other. Let the vertices be A(z1), B(z2), C(23), D(24)

taken in order. The diagonals are AC and BD. The midpoint of AC is % The midpoint of BD
is 245

For the diagonals to bisect each other, the midpoints must be the same:

21+ 23  Za+ 2z

2 2

21+ 23 =22+ 24
Answer: z) + 23 = 29 + 24

If a,b,c and u,v,w are complex numbers representing the vertices of two triangle such that c¢=(1-
r)at+rb and w=(1-r)utrv, where r is a complex number, then the two triangles :
A. have the same area  B. are similar C. are congruent D. none of these

Solution: The given relations are:
c=1-r)jat+rb = c—a=r(b—a)

w=_1-ru+rv = w—u=r(v—u)

From the first relation, ;=5 = r. From the second relation, =" = r.
Equating the two expressions for r:
c—a w—u

b—a v —u

This can be rewritten as:
c—a b—a

w—u v—Uu

This equality of ratios means the ratio of corresponding side lengths |¢—a|/|w —u| and |b—a|/|v — u|
are equal, and the angle between the corresponding sides are equal:

b—a

v—Uu

c—a lc—al |b—al

w—u lw—u|  |v—ul

arg ( — ) = arg <b—a) = arg(c—a) —arg(w — u) = arg(b — a) — arg(v — u)
w—u v—u

However, the first form 7=% = == shows that the mapping that transforms the vertices A, B, C' to

U,V,W is an angle-preserving transformation that scales lengths equally (since the complex number

r is the same). More precisely, the ratio of the complex numbers representing sides AC to AB is

equal to the ratio of complex numbers representing sides U W to UV.

ZC — ZA ZW — RU

ZB — ZA v — RU

This is the condition for the two triangles ABC and UVW to be **similar** in the same sense (i.e.,
with the same orientation).

Answer: are similar
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13.

14.

15.

6 [ . .
The value of 3, _, (sin 2Z% — j cos 22%) is :

7
A.-1 B.0 C. - D. i
Solution: Let the sum be S.

We can rewrite the term inside the summation:

sin@ —icosf =sinf —icosf —i*sinf +i’sinf (redundant step)

= —i(cos @ + isin0)
= —ie®
Here, 6 = 2ZF. Let w = ' . The term is —ie!* 7 = —i(w)*.
6 6
S = Z(—iwk) = —iZwk
k=1 k=1
w = 7 is a 7-th root of unity (w” = 1). For n-th roots of unity, the sum of the roots is zero:

l+w+w?+- 4w =0 Heren =750 1+w+w?+ - +wb =0 Therefore, >p_, w* =
wHw+- 4wt =-1

S=—i(-1)=1
Answer: i
If z; and 25 are two non zero complex numbers such that |21 + 22| = |21| + |22/, then argz; — arg 25
is equal to :

A -7 B.-% C.0 D. 5§ Enr

Solution: The triangle inequality states that |21 + 22| < |21| + |22|. Equality holds, i.e., |21 + 22| =
|z1] + |22, if and only if z; and 2z lie on the same ray from the origin. This is equivalent to saying
that z; = Azg for some real number A > 0.

Since z; = Azy with A > 0, the arguments must be the same:
arg(z1) = arg(Az2)
Since A > 0, arg(A) = 0.
arg(z1) = arg(A) + arg(ze2) +2kn (k€ Z)

arg(z1) = 0+ arg(z2) + 2k7

arg zy — arg zo = 2km

If we restrict the principal argument to arg z € (—m, 7], then 2km = 0.
The difference arg z; — arg zs must be 0 (or a multiple of 27).

Answer: 0

The complex numbers sin x + 7 cos 2z and cos z — ¢ sin 2x are conjugate to each other , for :
A.x=nt B.x=0 C.x=(n+3)m D. no valueof x

Solution: Let z; = sinx + icos2x and zo = cosx — isin2x. 21 and 25 are conjugate to each other
if 21 = Z2.

Zs = cosx — i8in 2x = cosx + ¢sin 2z
The condition z; = Zz3 becomes:

sinx +icos2x = cosx + ¢sin 2x
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16.

Equating the real and imaginary parts: 1. Real part: sinxz = cosz

T
tanxr =1 — x:nw—i—z,neZ

2. Imaginary part: cos2z = sin 2z
tan2x =1 = 2x:mﬂ'—|—%,m€Z

mm T
=— 4= Z
T 5 8,m€

For both conditions to be satisfied simultaneously, we need the intersection of the two solution sets:

+7T m7T+7T
n -—=—4+=
TTYT 2 TR

Multiplying by 8:
8w+ 2 =4dmr + 7

8nm —4dmm = —7
(8n —4dm)m = —7
42n —m) = -1
Since n and m are integers, 2n — m is an integer. Let k = 2n — m.

1
4 :—1 = ——
k = k 1

Since k must be an integer, there are no integer values for n and m that satisfy this equation.
Therefore, there is no value of = for which the two complex numbers are conjugates.

Answer: no value of x

If w # 1 is a cube root of unity and (1 + w)” = A + Bw, then A and B are respectively :
A.01 B. 1,1 Cw D -

Solution: Since w is a cube root of unity and w # 1, we have:
l+w4w=0 = 14w=—-u?

Also, w? = 1.

Substitute 1 + w = —w? into the given expression:

(1+w) = (~w?)T

We need to express —w? in the form A + Bw. Since 1 + w + w? = 0, we have —w? =1 + w.

So, (1 +w)” =1+ w. Comparing this with A + Bw, we get:
A+Bw=14+1-w

Since 1,w,w? are linearly independent over R, and A, B are typically real (or A, B are the unique
coefficients in the basis {1,w}), we equate the coefficients.

A=1 and B=1

Answer: 1,1
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