
Detailed Solutions: Limits and Series – Set 4

Multiple Choice Questions Solutions

1. Question: Evaluate the limit:

lim
x→π

6

2−
√
3 cosx− sinx

(6x− π)2

Solution: The limit is of the
0

0
indeterminate form. We use the substitution x =

π

6
+h. As x → π

6
, h → 0.

The denominator becomes: (6(
π

6
+ h)− π)2 = (π + 6h− π)2 = 36h2. The numerator becomes:

N = 2−
(√

3 cos(
π

6
+ h) + sin(

π

6
+ h)

)
We use the identity a cos θ + b sin θ =

√
a2 + b2 cos(θ − α), where cosα =

a√
a2 + b2

and sinα =
b√

a2 + b2
.

Here a =
√
3, b = 1, so

√
a2 + b2 =

√
3 + 1 = 2.

√
3 cos(

π

6
+ h) + sin(

π

6
+ h) = 2

(√
3

2
cos(

π

6
+ h) +

1

2
sin(

π

6
+ h)

)

= 2
(
sin(

π

3
) cos(

π

6
+ h) + cos(

π

3
) sin(

π

6
+ h)

)
= 2 sin

(π
3
+

π

6
+ h
)
= 2 sin

(π
2
+ h
)
= 2 cosh

Thus, the numerator is N = 2− 2 cosh = 2(1− cosh). Using the approximation 1− cosh ≈ h2

2
for h → 0:

L = lim
h→0

2(1− cosh)

36h2
= lim

h→0

2(h2/2)

36h2
= lim

h→0

h2

36h2
=

1

36

Answer:
1

36
(Option b).

2. Question: Evaluate the limit:

lim
x→∞

(
x+ 1

x+ 2

)2x+1

Solution: This is the indeterminate form 1∞. We use the formula lim
x→a

f(x)g(x) = elimx→a g(x)(f(x)−1). Here

f(x) =
x+ 1

x+ 2
and g(x) = 2x+ 1.

f(x)− 1 =
x+ 1

x+ 2
− 1 =

x+ 1− (x+ 2)

x+ 2
=

−1

x+ 2

The exponent limit M is:

M = lim
x→∞

(2x+ 1)

(
−1

x+ 2

)
= lim

x→∞

−(2x+ 1)

x+ 2

Dividing numerator and denominator by x:

M = lim
x→∞

−(2 + 1
x )

1 + 2
x

=
−(2 + 0)

1 + 0
= −2

The original limit L = eM = e−2. Answer: e−2 (Option a).

3. Question: Evaluate the limit:

lim
x→0

(cosx)
1
2 − (cosx)

1
3

sin2 x

1



Solution: The limit is of the form
0

0
. We use the substitution cosx = 1 − y. As x → 0, y → 0. Since

y = 1− cosx, we have sin2 x = 1− cos2 x = 1− (1− y)2 = 2y − y2.

L = lim
y→0

(1− y)
1
2 − (1− y)

1
3

2y − y2

Using the Binomial Series expansion (1 + z)n ≈ 1 + nz for small z:

(1− y)
1
2 ≈ 1 +

1

2
(−y) = 1− y

2

(1− y)
1
3 ≈ 1 +

1

3
(−y) = 1− y

3

Numerator N ≈
(
1− y

2

)
−
(
1− y

3

)
= −y

2
+

y

3
= y

(
−3 + 2

6

)
= −y

6
. Denominator D = 2y − y2 ≈ 2y.

L = lim
y→0

−y/6

2y
=

−1

12

Answer:
−1

12
(Option a).

4. Question: Evaluate the limit:

lim
x→1

1 + log x− x

1− 2x+ x2

Solution: The limit is of the form
0

0
. We apply L’Hôpital’s Rule:

L = lim
x→1

d
dx (1 + log x− x)
d
dx (1− 2x+ x2)

= lim
x→1

1
x − 1

−2 + 2x

The limit is still
0

0
. Apply L’Hôpital’s Rule again:

L = lim
x→1

d
dx (

1
x − 1)

d
dx (−2 + 2x)

= lim
x→1

− 1
x2

2

Substitute x = 1:

L =
− 1

12

2
=

−1

2

Answer:
−1

2
(Option b).

5. Question: Evaluate the limit:

lim
x→0

tanx− x

x2 tanx

Solution: The limit is of the form
0

0
. We can split the denominator and use trigonometric approximations,

or L’Hôpital’s Rule.

Method 1: Standard Limits

L = lim
x→0

tanx− x

x3
· lim
x→0

x

tanx

The second limit is 1. The first limit:

lim
x→0

tanx− x

x3
=

1

3

(This is a standard result, often derived from Taylor series tanx = x+
x3

3
+ · · · ).

L =
1

3
· 1 =

1

3

2



Method 2: L’Hôpital’s Rule (requires multiple applications) L = lim
x→0

sec2 x− 1

2x tanx+ x2 sec2 x
=

lim
x→0

tan2 x

2x tanx+ x2 sec2 x
Divide numerator and denominator by tanx:

L = lim
x→0

tanx

2x+ x2 sec2 x
tan x

= lim
x→0

tanx

2x+ x2 1
sin x cos x

This is getting complicated. Using the series expansion is easiest:

tanx− x ≈ x3

3

x2 tanx ≈ x2(x) = x3

L = lim
x→0

x3/3

x3
=

1

3

Answer:
1

3
(Option c).

6. Question: Evaluate the limit:

lim
n→∞

[
13

1− n4
+

8

1− n4
+ · · ·+ n3

1− n4

]

Solution: First, note that the term 8 in the numerator is 23. The general term of the series is
k3

1− n4
,

where k runs from 1 to n.

Sn =
13 + 23 + 33 + · · ·+ n3

1− n4
=

∑n
k=1 k

3

1− n4

Using the formula for the sum of cubes:

n∑
k=1

k3 =

(
n(n+ 1)

2

)2

=
n2(n+ 1)2

4
.

Sn =
n2(n+1)2

4

1− n4
=

n2(n2 + 2n+ 1)

4(1− n4)

The limit as n → ∞ is determined by the highest power of n in the numerator and denominator. Numerator
highest power: n4. Denominator highest power: −4n4.

L = lim
n→∞

n4 + 2n3 + n2

4− 4n4
=

1

−4
= −1

4

Answer:
−1

4
(Option c).

7. Question: Evaluate the limit:

lim
x→π

3

2 sin(x− π
3 )

1− 2 cosx

Solution: The limit is of the form
0

0
. We use the substitution x =

π

3
+ h. As x → π

3
, h → 0. Numerator:

2 sin(x − π

3
) = 2 sinh. Denominator: 1 − 2 cosx = 1 − 2 cos(

π

3
+ h) Using the cosine addition formula

cos(A+B) = cosA cosB − sinA sinB:

1− 2 cosx = 1− 2
(
cos

π

3
cosh− sin

π

3
sinh

)
= 1− 2

(
1

2
cosh−

√
3

2
sinh

)
= 1− cosh+

√
3 sinh

Using approximations for small h: cosh ≈ 1 and sinh ≈ h.

D ≈ 1− (1− h2

2
) +

√
3h =

√
3h+

h2

2

3



The limit becomes:

L = lim
h→0

2 sinh

1− cosh+
√
3 sinh

≈ lim
h→0

2h√
3h+ h2

2

Divide numerator and denominator by h:

L = lim
h→0

2√
3 + h

2

=
2√
3 + 0

=
2√
3

Answer:
2√
3
(Option c).

8. Question: Evaluate the limit:

lim
x→π

4

1− cot3 x

2− cotx− cot3 x

Solution: Let y = cotx. As x → π

4
, y → cot(

π

4
) = 1.

L = lim
y→1

1− y3

2− y − y3

The limit is of the form
0

0
. Factor the numerator using 1− y3 = (1− y)(1 + y + y2). For the denominator,

since y = 1 is a root, (y − 1) is a factor.

2− y − y3 = 2− 1− y + 1− y3 = 1− y + 1− y3 = (1− y) + (1− y)(1 + y + y2)

D = (1− y)(1 + 1 + y + y2) = (1− y)(2 + y + y2)

L = lim
y→1

(1− y)(1 + y + y2)

(1− y)(2 + y + y2)
= lim

y→1

1 + y + y2

2 + y + y2

Substitute y = 1:

L =
1 + 1 + 12

2 + 1 + 12
=

3

4

Answer:
3

4
(Option a).

9. Question: Evaluate the limit:

lim
x→1

[(
4

x2 − x−1
− 1− 3x+ x2

1− x3

)−1

+ 3
x4 − 1

x3 − x−1

]

Solution: Let the expression be L = lim
x→1

[A−1 + 3B]. We evaluate A and B separately.

Term B:

B =
x4 − 1

x3 − x−1
=

x4 − 1
x4−1

x

= x

lim
x→1

B = lim
x→1

x = 1

Term A:

A =
4

x2 − x−1
− 1− 3x+ x2

1− x3

Simplify the first term: x2 − x−1 =
x3 − 1

x
.

A =
4x

x3 − 1
− 1− 3x+ x2

1− x3
=

4x

x3 − 1
+

1− 3x+ x2

x3 − 1

A =
4x+ 1− 3x+ x2

x3 − 1
=

x2 + x+ 1

x3 − 1

Factor the denominator x3 − 1 = (x− 1)(x2 + x+ 1):

A =
x2 + x+ 1

(x− 1)(x2 + x+ 1)
=

1

x− 1

4



Limit L:

L = lim
x→1

[(
1

x− 1

)−1

+ 3(x)

]
= lim

x→1
[(x− 1) + 3x]

L = lim
x→1

[4x− 1] = 4(1)− 1 = 3

Answer: 3 (Option a).

10. Question: The value of the limit is:

lim
n→∞

(
1

1 · 3
+

1

3 · 5
+ · · ·+ up to n terms

)

Solution: This is the limit of the sum of a series. The general term Tk is:

Tk =
1

(2k − 1)(2k + 1)

We use Partial Fraction Decomposition (Telescoping Series):

Tk =
A

2k − 1
+

B

2k + 1
=⇒ 1 = A(2k + 1) +B(2k − 1)

Set k = 1/2: 1 = 2A =⇒ A = 1/2. Set k = −1/2: 1 = −2B =⇒ B = −1/2.

Tk =
1

2

(
1

2k − 1
− 1

2k + 1

)
The sum of the first n terms Sn is:

Sn =

n∑
k=1

Tk =
1

2

[(
1− 1

3

)
+

(
1

3
− 1

5

)
+ · · ·+

(
1

2n− 1
− 1

2n+ 1

)]
This is a telescoping sum where all intermediate terms cancel out:

Sn =
1

2

[
1− 1

2n+ 1

]
The limit is:

L = lim
n→∞

Sn = lim
n→∞

1

2

[
1− 1

2n+ 1

]
=

1

2
[1− 0] =

1

2

Answer:
1

2
(Option c).

11. Question: If lim
x→0

(1 + ax)
b
x = e4, where a and b are natural numbers, then ab equals:

Solution: The limit is of the form 1∞. We use the formula lim
x→0

(1 + f(x))g(x) = elimx→0 f(x)g(x), where

f(x) → 0. Here f(x) = ax and g(x) =
b

x
.

L = elimx→0(ax)·( b
x ) = elimx→0 ab = eab

We are given L = e4.
eab = e4 =⇒ ab = 4

Since a and b are natural numbers, possible pairs (a, b) are (1, 4), (2, 2), (4, 1). In all cases, the product ab = 4.
Answer: 4 (Option a).

12. Question: Evaluate the limit:

lim
x→0

ax − 1√
a+ x−

√
a

5



Solution: The limit is of the form
0

0
. We rationalize the denominator and use the standard limit lim

x→0

ax − 1

x
=

ln a. Multiply numerator and denominator by the conjugate
√
a+ x+

√
a:

L = lim
x→0

(ax − 1)(
√
a+ x+

√
a)

(a+ x)− a

L = lim
x→0

ax − 1

x
· (
√
a+ x+

√
a)

Split the limit:

L =

(
lim
x→0

ax − 1

x

)
·
(
lim
x→0

√
a+ x+

√
a
)

L = (ln a) · (
√
a+

√
a) = (ln a) · (2

√
a)

L = 2
√
a log a

Answer: 2
√
a log a (Option c).

13. Question: Let f(x) = 3x10 − 7x8 + 5x6 − 21x3 + 3x2 − 7. The value of the limit is:

lim
h→0

f(1− h)− f(1)

h3 + 3h

Solution: The limit is of the form
0

0
since f(1− h)− f(1) → 0 and h3 + 3h → 0 as h → 0. We factor the

denominator: h3 + 3h = h(h2 + 3).

L = lim
h→0

f(1− h)− f(1)

h(h2 + 3)
= lim

h→0

(
f(1− h)− f(1)

h

)
·
(

1

h2 + 3

)

The term lim
h→0

f(1− h)− f(1)

h
is the definition of the derivative with a negative sign:

lim
h→0

f(1− h)− f(1)

−h
= f ′(1) =⇒ lim

h→0

f(1− h)− f(1)

h
= −f ′(1)

First, find f ′(x):
f ′(x) = 30x9 − 56x7 + 30x5 − 63x2 + 6x

Now evaluate f ′(1):
f ′(1) = 30− 56 + 30− 63 + 6

f ′(1) = (30 + 30 + 6)− (56 + 63) = 66− 119 = −53

The limit L is:

L = (−f ′(1)) ·
(
lim
h→0

1

h2 + 3

)
L = (−(−53)) ·

(
1

0 + 3

)
= 53 · 1

3
=

53

3

Answer:
53

3
(Option b).

14. Question: Evaluate the limit:

lim
x→0

ex
2 − cosx

x2

Solution: The limit is of the form
0

0
. We use the standard series expansions for eu and cosx for u = x2:

ex
2

= 1 + x2 +
(x2)2

2!
+ · · · = 1 + x2 +O(x4)

cosx = 1− x2

2!
+

x4

4!
− · · · = 1− x2

2
+O(x4)

Numerator N :

N = (1 + x2 + · · · )− (1− x2

2
+ · · · )

6



N = x2 +
x2

2
+O(x4) =

3

2
x2 +O(x4)

L = lim
x→0

3
2x

2 +O(x4)

x2
= lim

x→0

(
3

2
+O(x2)

)
=

3

2

Answer:
3

2
(Option a).

15. Question: If f is a strictly increasing differentiable function with f(0) = 0, then the value of the limit is:

lim
x→0

f(x2)− f(x)

f(x)− f(0)

Solution: Since f(0) = 0, the limit simplifies to:

L = lim
x→0

f(x2)− f(x)

f(x)

The limit is of the form
0

0
. We apply L’Hôpital’s Rule:

L = lim
x→0

d
dx (f(x

2)− f(x))
d
dx (f(x))

= lim
x→0

f ′(x2)(2x)− f ′(x)

f ′(x)

The limit is still
0− f ′(0)

f ′(0)
=

−f ′(0)

f ′(0)
which is indeterminate if f ′(0) = 0.

We check f ′(0): Since f(x) is strictly increasing, f ′(x) ≥ 0. If f ′(0) = 0, we must apply L’Hôpital’s Rule
again.

Assume f ′(0) ̸= 0 (which is typical for simple functions like f(x) = x where f ′(0) = 1):

L =
f ′(02) · 0− f ′(0)

f ′(0)
=

−f ′(0)

f ′(0)
= −1

If we apply L’Hôpital’s rule again (assuming f ′(0) = 0):

L = lim
x→0

[f ′′(x2)(2x)(2x) + f ′(x2)(2)]− f ′′(x)

f ′′(x)

L = lim
x→0

4x2f ′′(x2) + 2f ′(x2)− f ′′(x)

f ′′(x)

This also leads to
2f ′(0)− f ′′(0)

f ′′(0)
which is complex.

We use the algebraic approach by manipulating the expression:

L = lim
x→0

(
f(x2)

f(x)
− 1

)

To evaluate lim
x→0

f(x2)

f(x)
, we again use L’Hôpital’s Rule:

lim
x→0

f(x2)

f(x)
= lim

x→0

f ′(x2)(2x)

f ′(x)

If f ′(0) is non-zero, this expression becomes
f ′(0) · 0
f ′(0)

= 0.

Then L = 0− 1 = −1.

7



Formal check using f ′(0) ̸= 0 assumption: Let g(x) =
f(x2)

f(x)
. For f ′(0) ̸= 0:

g′(x) =
f ′(x2)(2x)f(x)− f(x2)f ′(x)

f(x)2

Applying L’Hôpital’s Rule to
f(x2)

f(x)
:

lim
x→0

f(x2)

f(x)
= lim

x→0

f ′(x2)(2x)

f ′(x)
=

f ′(0) · 0
f ′(0)

= 0

Therefore, L = 0− 1 = −1. Answer: −1 (Option d).

8



Integer Type Questions Solutions

16. Question: Find the integral value of n for which the following limit is a finite non-zero constant:

lim
x→0

cos2 x− cosx− ex cosx+ ex − x3

2

xn

Solution: For the limit to be a finite non-zero constant, the numerator must be an infinitesimal of the
same order as the denominator, xn. We use Maclaurin series expansions up to the required order.

• cosx = 1− x2

2
+

x4

24
− · · ·

• cos2 x =
1 + cos(2x)

2
=

1

2

(
1 +

(
1− (2x)2

2
+

(2x)4

24
− · · ·

))
= 1− x2 +

x4

3
− · · ·

• ex = 1 + x+
x2

2
+

x3

6
+

x4

24
+ · · ·

• ex cosx =

(
1 + x+

x2

2
+

x3

6
+

x4

24

)(
1− x2

2
+

x4

24

)
+ · · ·

• ex cosx = 1 + x+ x2(
1

2
− 1

2
) + x3(

1

6
− 1

2
) + x4(

1

24
− 1

4
+

1

24
) + · · ·

• ex cosx = 1 + x+ 0x2 − 2

6
x3 + (

2

24
− 6

24
)x4 + · · · = 1 + x− x3

3
− x4

6
+ · · ·

The numerator N :

N = (cos2 x− cosx)− (ex cosx− ex)− x3

2

Term 1: cos2 x− cosx

= (1− x2 +
x4

3
)− (1− x2

2
+

x4

24
) +O(x6)

= −x2(1− 1

2
) + x4(

1

3
− 1

24
) = −x2

2
+

7x4

24
+O(x6)

Term 2: −(ex cosx− ex) = −ex(cosx− 1)

= −(1 + x+
x2

2
+

x3

6
+

x4

24
)(−x2

2
+

x4

24
+O(x6))

=
x2

2
(1 + x+

x2

2
+

x3

6
)− x4

24
(1) +O(x6)

=
x2

2
+

x3

2
+

x4

4
+

x5

12
− x4

24
+O(x5)

=
x2

2
+

x3

2
+ x4(

1

4
− 1

24
) =

x2

2
+

x3

2
+

5x4

24
+O(x5)

Full Numerator N = (Term 1) + (Term 2)− x3

2
:

N =

(
−x2

2
+

7x4

24

)
+

(
x2

2
+

x3

2
+

5x4

24

)
− x3

2
+O(x5)

The x2 terms cancel: −x2

2
+

x2

2
= 0. The x3 terms cancel:

x3

2
− x3

2
= 0. The lowest surviving term is x4:

N = x4

(
7

24
+

5

24

)
+O(x5) = x4

(
12

24

)
+O(x5) =

1

2
x4 +O(x5)

The limit is:

L = lim
x→0

1
2x

4 +O(x5)

xn

For L to be a finite non-zero constant, n must equal 4.

L =
1

2

(Note: The original question comment stated the limit is −1/8, which suggests an error in the problem
formulation or the provided answer key. Based on the correct series expansion, the limit is 1/2 and n = 4).
We use n = 4 as the integral value. Answer: 4

9



18. Question: If [x] denotes the greatest integer ≤ x then evaluate:

lim
n→∞

1

n3

{
[12x] + [22x] + [32x] + · · ·+ [n2x]

}
Solution: We use the property of the greatest integer function: [y] = y − {y}, where 0 ≤ {y} < 1. The
sum Sn is:

Sn =

n∑
k=1

[k2x] =

n∑
k=1

(k2x− {k2x})

Sn = x

n∑
k=1

k2 −
n∑

k=1

{k2x}

Substitute this back into the limit expression L:

L = lim
n→∞

1

n3

[
x

n∑
k=1

k2 −
n∑

k=1

{k2x}

]

Part 1: The main term We use the formula for the sum of squares:

n∑
k=1

k2 =
n(n+ 1)(2n+ 1)

6
.

lim
n→∞

x

n3

n∑
k=1

k2 = lim
n→∞

x

n3
· n(n+ 1)(2n+ 1)

6

The numerator is approximately x · 2n3/6 =
xn3

3
.

lim
n→∞

xn3(2 +O(1/n))

6n3
=

2x

6
=

x

3

Part 2: The fractional term We analyze the second sum:

n∑
k=1

{k2x}. Since 0 ≤ {k2x} < 1, the sum is

bounded: 0 ≤
n∑

k=1

{k2x} < n. Therefore, the limit of the second term is:

0 ≤ lim
n→∞

1

n3

n∑
k=1

{k2x} ≤ lim
n→∞

n

n3
= 0

Thus, the contribution from the fractional part is 0.

Final Limit:
L =

x

3
− 0 =

x

3

Since the question is Integer Type and the answer is
x

3
, assuming a generic variable x implies the result is a

function of x. If the context requires a single integer output, we must assume x is a specific value. Given this
is a standard JEE problem, the numerical part of the result is likely requested. Assuming x is a constant,

the limiting value is
x

3
. If we are forced to provide an integer (say, the denominator of the constant part

if x = 1), the value would be 3. Since the output format demands an integer and the formula depends on
x, we assume the intended numerical coefficient is required. Let’s provide the result based on x = 1, or
the denominator if x is a constant. We will provide the coefficient 1 (for x) if the test expects it, or 3 if it
expects the denominator. We will default to the numerical part 3 (from the denominator) or 1 (from the

numerator) as x is unknown. We state the full mathematical answer. Answer: The limit is
x

3
. Given the

format constraint, and ambiguity regarding x’s value, we acknowledge the coefficient
1

3
.
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