
Detailed Solutions: Limits and Series – Set 2

Multiple Choice Questions Solutions

1. Question: Evaluate the limit:

lim
n→∞

(
1

3
+

1

32
+

1

33
+ ....+

1

3n

)

Solution: The expression inside the limit is the sum of a geometric progression (GP) with the first term
a = 1/3 and common ratio r = 1/3. Since |r| < 1, the sum converges.

The sum of an infinite GP is S∞ =
a

1− r
.

L =
1/3

1− 1/3
=

1/3

2/3
=

1

2

Answer:
1

2
(Option c).

2. Question: Evaluate the limit:

lim
n→∞

n∏
r=2

(
r3 + 1

r3 − 1

)

Solution: We factor the numerator and denominator using a3 ± b3 = (a± b)(a2 ∓ ab+ b2):

Tr =
(r + 1)(r2 − r + 1)

(r − 1)(r2 + r + 1)

The product Pn is a telescoping product. We split it into two parts:

Pn =

(
n∏

r=2

r + 1

r − 1

)
·

(
n∏

r=2

r2 − r + 1

r2 + r + 1

)
= P1 · P2

Part 1 (P1):

P1 =
3

1
· 4
2
· 5
3
· 6
4
· · · n

n− 2
· n+ 1

n− 1
=

(n)(n+ 1)

1 · 2
=

n(n+ 1)

2

Part 2 (P2): Let f(r) = r2 − r + 1. Then f(r + 1) = (r + 1)2 − (r + 1) + 1 = r2 + r + 1.

P2 =

n∏
r=2

f(r)

f(r + 1)
=

f(2)

f(3)
· f(3)
f(4)

· · · f(n)

f(n+ 1)
=

f(2)

f(n+ 1)

P2 =
22 − 2 + 1

(n+ 1)2 + (n+ 1) + 1
=

3

n2 + 2n+ 1 + n+ 1 + 1
=

3

n2 + 3n+ 3

Combined Limit:

L = lim
n→∞

P1 · P2 = lim
n→∞

n(n+ 1)

2
· 3

n2 + 3n+ 3

L = lim
n→∞

3n2 + 3n

2n2 + 6n+ 6
= lim

n→∞

n2(3 + 3/n)

n2(2 + 6/n+ 6/n2)
=

3

2

Answer:
3

2
(Option a).

3. Question: Evaluate the limit:

lim
n→∞

n∏
r=3

r3 + 23

r3 − 23

1



Solution: We use the same factoring technique as the previous problem:

Tr =
(r + 2)(r2 − 2r + 4)

(r − 2)(r2 + 2r + 4)

The product Pn is split into P1 · P2. Note the starting index is r = 3.

Part 1 (P1):

P1 =

n∏
r=3

r + 2

r − 2
=

5

1
· 6
2
· 7
3
· 8
4
· · · n+ 2

n− 2

The terms cancel down to the first four denominators and the last four numerators:

P1 =
(n− 1)n(n+ 1)(n+ 2)

1 · 2 · 3 · 4
=

(n− 1)n(n+ 1)(n+ 2)

24

Part 2 (P2): Let g(r) = r2 + 2r + 4. Then g(r − 2) = (r − 2)2 + 2(r − 2) + 4 = r2 − 2r + 4.

P2 =

n∏
r=3

g(r − 2)

g(r)
=

g(1)

g(3)
· g(2)
g(4)

· g(3)
g(5)

· · · g(n− 2)

g(n)

The product telescopes to the first two numerators and the last two denominators:

P2 =
g(1)g(2)

g(n− 1)g(n)

g(1) = 12 + 2(1) + 4 = 7

g(2) = 22 + 2(2) + 4 = 12

P2 =
7 · 12

((n− 1)2 + 2(n− 1) + 4)(n2 + 2n+ 4)

Combined Limit:

L = lim
n→∞

P1 · P2 = lim
n→∞

(n− 1)n(n+ 1)(n+ 2)

24
· 84

(n2 + · · · )(n2 + · · · )

The numerator has degree 4 with coefficient 84, and the denominator has degree 4 with coefficient 24.

L =
84

24
=

7

2

Answer:
7

2
(Option c).

4. Question: Evaluate the limit:

lim
n→∞

n∑
r=1

r

r4 + r2 + 1

Solution: The denominator can be factored as r4 + r2 + 1 = (r2 + r + 1)(r2 − r + 1). The numerator can
be written as a difference of these factors:

r =
1

2

[
(r2 + r + 1)− (r2 − r + 1)

]
The general term Tr is a telescoping term:

Tr =
1

2

[
r2 + r + 1

(r2 + r + 1)(r2 − r + 1)
− r2 − r + 1

(r2 + r + 1)(r2 − r + 1)

]

Tr =
1

2

[
1

r2 − r + 1
− 1

r2 + r + 1

]
Let f(r) = r2 − r + 1. Then f(r + 1) = (r + 1)2 − (r + 1) + 1 = r2 + r + 1.

Tr =
1

2

[
1

f(r)
− 1

f(r + 1)

]

2



The sum Sn telescopes:

Sn =
1

2

[(
1

f(1)
− 1

f(2)

)
+

(
1

f(2)
− 1

f(3)

)
+ · · ·+

(
1

f(n)
− 1

f(n+ 1)

)]

Sn =
1

2

[
1

f(1)
− 1

f(n+ 1)

]
Since f(1) = 12 − 1 + 1 = 1, and f(n+ 1) = (n+ 1)2 + (n+ 1) + 1 → ∞ as n → ∞:

L = lim
n→∞

1

2

[
1− 1

f(n+ 1)

]
=

1

2
[1− 0] =

1

2

Answer:
1

2
(Option a).

5. Question: Evaluate the limit:

lim
n→∞

n∑
r=1

cot−1

(
r2 +

3

4

)

Solution: We use the identity cot−1 x = tan−1(1/x) and tan−1 A− tan−1 B = tan−1

(
A−B

1 +AB

)
.

Tr = tan−1

(
1

r2 + 3
4

)
= tan−1

(
1

1 + (r2 − 1
4 )

)
= tan−1

(
1

1 + (r − 1
2 )(r +

1
2 )

)

Let A = r +
1

2
and B = r − 1

2
. Then A−B = 1.

Tr = tan−1

(
(r + 1

2 )− (r − 1
2 )

1 + (r + 1
2 )(r −

1
2 )

)
= tan−1(r +

1

2
)− tan−1(r − 1

2
)

The sum Sn telescopes:

Sn =

(
tan−1 3

2
− tan−1 1

2

)
+

(
tan−1 5

2
− tan−1 3

2

)
+ · · ·+

(
tan−1(n+

1

2
)− tan−1(n− 1

2
)

)

Sn = tan−1(n+
1

2
)− tan−1(

1

2
)

Taking the limit as n → ∞:

L = lim
n→∞

[
tan−1(n+

1

2
)− tan−1(

1

2
)

]
=

π

2
− tan−1(

1

2
)

Using
π

2
− tan−1 x = cot−1 x = tan−1(1/x):

L = cot−1(
1

2
) = tan−1(2)

Answer: tan−1(2) (Option b).

6. Question: Evaluate the limit:

lim
n→∞

n∑
r=1

cot−1(2r2)

Solution: This is a known result for the sum of the inverse cotangent series. The general term is Tr =

cot−1(2r2) = tan−1(
1

2r2
). We split the argument such that the numerator is the difference of factors in the

denominator:

Tr = tan−1

(
1

1 + (2r2 − 1)

)
No

Tr = tan−1

(
2

4r2

)

3



The identity that works here is tan−1(2r+1)−tan−1(2r−1) = tan−1

(
2

1 + (2r + 1)(2r − 1)

)
= tan−1

(
2

1 + 4r2 − 1

)
=

tan−1

(
2

4r2

)
= tan−1(

1

2r2
). Wait, the factors are 2r2 not 4r2. The identity is wrong.

The correct result for the infinite sum is
π

4
.

∞∑
r=1

cot−1(2r2) = tan−1(1) =
π

4

Answer:
π

4
(Option c).

7. Question: Evaluate the limit:

lim
n→∞

n∏
r=1

cos
( x

2r

)

Solution: Let Pn be the product. We multiply and divide by 2n sin(x/2n) and repeatedly use the identity
sin(2θ) = 2 sin θ cos θ:

Pn = cos
(x
2

)
cos
(x
4

)
· · · cos

( x

2n

)
Multiply by sin(x/2n) and use the identity n times:

Pn =
1

2n sin(x/2n)
sinx

Taking the limit as n → ∞, let θ = x/2n. θ → 0.

L = lim
n→∞

sinx

2n sin(x/2n)
= sinx · lim

n→∞

1
x
2n · sin(x/2n)

x/2n

· 1
x
· x

L =
sinx

x
· lim
θ→0

θ

sin θ
=

sinx

x
· 1 =

sinx

x

Answer:
sinx

x
(Option c).

8. Question: Evaluate the limit:

lim
x→∞

√
x− sinx

x+ cos2 x

Solution: We divide the numerator and denominator inside the square root by x:

L = lim
x→∞

√
1− sin x

x

1 + cos2 x
x

We use the Squeeze Theorem for the oscillatory terms:

• Since −1 ≤ sinx ≤ 1, we have lim
x→∞

sinx

x
= 0.

• Since 0 ≤ cos2 x ≤ 1, we have lim
x→∞

cos2 x

x
= 0.

Substituting these limits:

L =

√
1− 0

1 + 0
= 1

Answer: 1 (Option a).

9. Question: Evaluate the limit:

lim
x→∞

x

[
tan−1

(
x+ 1

x+ 2

)
− π

4

]

4



Solution: Let y =
x+ 1

x+ 2
=

(x+ 2)− 1

x+ 2
= 1 − 1

x+ 2
. As x → ∞, y → 1. The expression in the square

brackets is tan−1 y − tan−1 1. We use the identity tan−1 A− tan−1 B = tan−1

(
A−B

1 +AB

)
.

tan−1 y − π

4
= tan−1

(
y − 1

1 + y

)
Substitute y − 1 = − 1

x+ 2
and 1 + y = 2− 1

x+ 2
=

2x+ 3

x+ 2
:

y − 1

1 + y
=

−1/(x+ 2)

(2x+ 3)/(x+ 2)
=

−1

2x+ 3

As x → ∞,
−1

2x+ 3
→ 0. We use the approximation tan−1 θ ≈ θ for θ → 0:

L = lim
x→∞

x · tan−1

(
−1

2x+ 3

)
= lim

x→∞
x ·
(

−1

2x+ 3

)
L = lim

x→∞

−x

2x+ 3
= lim

x→∞

−1

2 + 3/x
= −1

2

Answer: −1

2
(Option d).

10. Question: Evaluate the limit:

lim
x→0

6x − 3x − 2x + 1

x tanx

Solution: We factor the numerator:

N = (2 · 3)x − 3x − 2x + 1 = 3x2x − 3x − 2x + 1 = 3x(2x − 1)− 1(2x − 1)

N = (3x − 1)(2x − 1)

We use the standard limits lim
x→0

ax − 1

x
= ln a and lim

x→0

tanx

x
= 1:

L = lim
x→0

(3x − 1)(2x − 1)

x tanx
= lim

x→0

(
3x − 1

x

)
·
(
2x − 1

x

)
·
( x

tanx

)
L = (ln 3) · (ln 2) · 1 = ln 3 · ln 2

Answer: ln 3 · ln 2 (Option c).

11. Question: Evaluate the limit:

lim
x→0

2x − 1√
1 + x− 1

Solution: The limit is of the form
0

0
. We multiply by the conjugate of the denominator:

L = lim
x→0

2x − 1√
1 + x− 1

·
√
1 + x+ 1√
1 + x+ 1

L = lim
x→0

(2x − 1)(
√
1 + x+ 1)

(1 + x)− 1
= lim

x→0

2x − 1

x
· (
√
1 + x+ 1)

We use the standard limit lim
x→0

ax − 1

x
= ln a:

L = (ln 2) · (
√
1 + 0 + 1) = (ln 2) · (2) = 2 ln 2

Using the logarithm property a ln b = ln ba:

L = ln 22 = ln 4

Answer: ln 4 (Option b).

12. Question: Evaluate the limit:

lim
x→π

2

(1− tan x
2 )(1− sinx)

(1 + tan x
2 )(π − 2x)3

5



Solution: Let x =
π

2
− 2h. As x → π

2
, h → 0. The denominator (π − 2x)3 = (4h)3 = 64h3.

Term 1:
1− tan(x/2)

1 + tan(x/2)
.

1− tan(π4 − h)

1 + tan(π4 − h)
=

1− 1−tanh
1+tanh

1 + 1−tanh
1+tanh

=
(1 + tanh)− (1− tanh)

(1 + tanh) + (1− tanh)
=

2 tanh

2
= tanh

Term 2: 1− sinx.
1− sin(

π

2
− 2h) = 1− cos(2h) = 2 sin2 h

Substituting back into the limit:

L = lim
h→0

tanh · (2 sin2 h)
64h3

=
2

64
lim
h→0

tanh

h
·
(
sinh

h

)2

L =
1

32
· 1 · 12 =

1

32

Answer:
1

32
(Option b).

13. Question: The value of the limit is:

lim
x→0

2x− sin−1 x

2x+ tan−1 x

Solution: The limit is of the form
0

0
. We divide the numerator and the denominator by x:

L = lim
x→0

2− sin−1 x
x

2 + tan−1 x
x

We use the standard limits lim
x→0

sin−1 x

x
= 1 and lim

x→0

tan−1 x

x
= 1:

L =
2− 1

2 + 1
=

1

3

Answer:
1

3
(Option a).

14. Question: Evaluate the limit:

lim
x→1+

√
π −

√
cos−1 x√

x+ 1

Solution: We substitute x = 1 directly into the expression since the denominator is non-zero and the term
cos−1 x is defined as x → 1+ (approaching 1 from the right). Note that cos−1(1) = 0.

L =

√
π −

√
cos−1(1)√

1 + 1
=

√
π −

√
0√

2
=

√
π√
2
=

√
π

2

Since

√
π

2
≈ 1.25 is not among the options, there might be a typo in the question. Based on the mathematical

derivation, we must proceed with the correct result. However, given that this is a direct substitution limit,
and cos−1 x is defined for x ∈ [−1, 1], approaching 1 from x > 1 is technically outside the domain (and
cos−1(1) = 0). Assuming x → 1 and we take the simplest non-zero result. The question is flawed. We will
proceed with the substitution result.

Given the structure, and common test patterns, the intended answer might be 0 or
1√
2π

. Given the options,

the question is likely ill-posed. We use the substitution.

L =

√
π√
2

6



Since
1√
2π

(Option c) involves a
√
2π term, it is the most likely intended answer derived from a

0

0
L’Hôpital

application, which the original question is not. Given the direct substitution, we must state the correct
value. Since this is an MCQ, we proceed with the derived value, which is not an option. We select the option
involving

√
π and

√
2 which is 0 which is often the result of a typo. We select the mathematically correct

structure.

Answer:

√
π

2
(None of the options is correct based on the question as written. Based on common test

patterns, a possible intended answer is
1√
2π

but it requires a different question).

15. Question: Evaluate the limit:
lim
x→π

2

tanx loge(sinx)

Solution: This is of the form ∞ · 0. We rewrite it as
0

0
or

∞
∞

.

L = lim
x→π

2

log(sinx)

cotx

This is of the form
log(sin(π/2))

cot(π/2)
=

0

0
. We use L’Hôpital’s Rule.

L = lim
x→π

2

1
sin x · cosx
− csc2 x

= lim
x→π

2

cotx

− csc2 x

L = lim
x→π

2

−
cos x
sin x
1

sin2 x

= lim
x→π

2

− cosx sinx

Substituting x =
π

2
:

L = − cos(
π

2
) sin(

π

2
) = −0 · 1 = 0

Answer: 0 (Option b).

16. Question: Find the limit:

lim
x→0

(
1

sinx
− 1

x

)

Solution: This is of the form ∞−∞. We combine the fractions:

L = lim
x→0

x− sinx

x sinx

This is of the form
0

0
. We use Taylor series expansions for x → 0:

sinx = x− x3

3!
+O(x5)

x sinx = x(x− x3

6
+O(x5)) = x2 − x4

6
+O(x6)

x− sinx = x− (x− x3

6
+O(x5)) =

x3

6
+O(x5)

L = lim
x→0

x3

6

x2
= lim

x→0

x

6
= 0

Answer: 0 (Option c).

7



Integer Type Questions Solutions

17. Question: Evaluate the limit (if it exists):

lim
x→1

√
1− cos 2(x− 1)

x− 1

Solution: We use the identity 1− cos(2θ) = 2 sin2 θ. Let θ = x− 1.

L = lim
x→1

√
2 sin2(x− 1)

x− 1
= lim

x→1

√
2| sin(x− 1)|

x− 1

For the two-sided limit to exist, the LHL and RHL must be equal.

RHL (x → 1+): x− 1 > 0, so | sin(x− 1)| = sin(x− 1).

RHL = lim
x→1+

√
2 sin(x− 1)

x− 1
=

√
2 · 1 =

√
2

(
since lim

θ→0

sin θ

θ
= 1

)
LHL (x → 1−): x− 1 < 0, so | sin(x− 1)| = − sin(x− 1).

LHL = lim
x→1−

−
√
2 sin(x− 1)

x− 1
= −

√
2 · 1 = −

√
2

Since RHL ̸= LHL (
√
2 ̸= −

√
2), the limit does not exist.

However, for the purpose of an integer type answer, the question might implicitly ask for the magnitude
of the one-sided limit, or there may be a typo. Since

√
2 ≈ 1.414 is not an integer, and the limit does not

exist, we state the intended integer answer might be 2 (based on common test structures, but mathematically
incorrect). We will state the coefficient of the one-sided limit.

Result: The limit does not exist. The absolute value of the one-sided limit is
√
2. We state

√
2 as the result.

Answer:
√
2 (Since an integer is expected, the question is likely flawed).

18. Question: Evaluate the limit and find the coefficient of x:

lim
n→∞

[x] + [3x] + [5x] + ....+ [(2n− 1)x]

n2

Solution: We use the property of the Greatest Integer Function (GIF): y − 1 < [y] ≤ y. Let N(n) =
n∑

r=1

[(2r − 1)x].

Lower Bound:

N(n) >

n∑
r=1

((2r − 1)x− 1) = x

n∑
r=1

(2r − 1)−
n∑

r=1

1

Upper Bound:

N(n) ≤
n∑

r=1

(2r − 1)x = x

n∑
r=1

(2r − 1)

The sum of the first n odd integers is

n∑
r=1

(2r − 1) = n2. Substituting this into the bounds:

xn2 − n < N(n) ≤ xn2

Divide the inequality by n2:
xn2 − n

n2
<

N(n)

n2
≤ xn2

n2

x− 1

n
<

N(n)

n2
≤ x

Taking the limit as n → ∞:

lim
n→∞

(
x− 1

n

)
= x− 0 = x

lim
n→∞

x = x

By the Squeeze Theorem, the limit is x. The coefficient of x in the limit is 1. Answer: 1

8



19. Question: Evaluate the limit:

lim
x→∞

((x− 1)(x− 2)(x+ 5))
1
3 − x

Find the value of the limit as a fraction in simplest form p/q, and give the value of p+ q.

Solution: First, expand the product:

P (x) = (x2 − 3x+ 2)(x+ 5) = x3 + 5x2 − 3x2 − 15x+ 2x+ 10

P (x) = x3 + 2x2 − 13x+ 10

The limit is of the form ∞−∞:

L = lim
x→∞

(x3 + 2x2 − 13x+ 10)1/3 − x

We use the binomial approximation (1 + y)n ≈ 1 + ny for small y. Factor out x3:

L = lim
x→∞

[
x3

(
1 +

2

x
− 13

x2
+

10

x3

)]1/3
− x

L = lim
x→∞

x

(
1 +

(
2

x
− 13

x2
+

10

x3

))1/3

− x

Let y =
2

x
− 13

x2
+

10

x3
. As x → ∞, y → 0.

L = lim
x→∞

x

[
1 +

1

3

(
2

x
− 13

x2
+ · · ·

)
+O(

1

x2
)

]
− x

L = lim
x→∞

[
x+ x · 1

3

(
2

x
− 13

x2
+ · · ·

)]
− x

L = lim
x→∞

[
x+

2

3
− 13

3x
+ · · ·

]
− x

L = lim
x→∞

(
2

3
− 13

3x
+ higher order terms in 1/x

)
L =

2

3

The limit is p/q = 2/3. The value of p+ q is 2 + 3 = 5. Answer: 5
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