* Set 2 - Limits and Continuity

v' Subjective Questions

(3z—1)(2z+5) __ 9

1. Prove that lim,_, =3B —

Solution:
I — lim 3z — 1)(2z +5)
z—oo (z—3)(3x +7)
Factor out x from each term in the numerator and the denominator:
pB3-3)22+2) L PB- 243

L= li =1
e a(l=2) 2B+ D) e (1= 5B+ D)

Cancel 22 and apply the limit, noting that lim,_ . = = 0 for any constant
c:
3-H2+2 - 0)(2 -2
Le i B2DEED o000 32 6,
e=oo (1-2)3+ %) (1-0)(3+0) 1-3 3

(Bz—1)(2z+5) __ 2. 0

Thus, hmx_wo m =

2. Show that f(z) = —+ when z # 0,= 0 when z = 0 is not continuous at

1+ez

z=0

Solution: For f(x) to be continuous at x = 0, we must have lim,_,¢ f(z) =
f(0). Given f(0) = 0. We need to check the left-hand limit (LHL) and the
right-hand limit (RHL) at = 0.

Right-Hand Limit (RHL): Let z — 0.

1
li = li
o0t @) it 14+er
Asz — 0T, %%oo,soe%%oo.
1 1
1. = = — = 0
zgg+ /(@) 1400 o0
Left-Hand Limit (LHL): Let z — 0.
li =1
S )= g T
Asx—>0_7%—>—oo,soe% — 0.
lim f(z) = —— =1
im f(z)=—— =
x—0~ 140

Since LHL = 1 and RHL = 0, the limit lim,_,q f(z) does not exist. Alter-
natively, even though RHL = f(0), the function is not continuous because
LHL # f(0). Since lim,_,¢ f(z) does not exist, f(z) is **not continuous**
at z = 0. (]



[y

&

3. Discuss the continuity of the function f(z) defined by f(x) = & ’1,3: #0,
ez +
f0) = -1
Solution: The function is continuous for all = # 0 since it is a composition

of elementary functions (exponential and rational functions), and the denom-

inator ev + 1 is never zero. We check continuity at x = 0. For continuity,
we need lim,_,¢ f(z) = f(0) = —1.

Right-Hand Limit (RHL): Let z — 0.

1

E|
lim f(z)= lim 61
z—0t z—=0t ez + 1

1 P .
Asz — 0T, % — 00, 80 ez — 00. We divide the numerator and denominator
1

by e=:
1 1
z —1 l—e"= 1-0
lim 61 = lim ¢ - = =1 (since e F —~0asz—0")
z—0t ez + 1 z—=0t 1+ e = 140

Left-Hand Limit (LHL): Let x — 0~.

1
z —1
lim f(z) = lim 81
z—0— z—=0~ ez + 1
Asx—>0_7%—>—oo,soe?lr—>0.
0-1
1. = ——— = —
S F@ =57

Since LHL = —1 and RHL = 1, the limit lim,_,¢ f(z) does not exist, because
LHL # RHL. However, the LHL equals f(0): LHL = —1 = f(0). The RHL
does not equal f(0): RHL =1 # —1.

Since lim,_,0 f(z) does not exist, f(z) is **not continuous** at =z = 0. It
has a **jump discontinuity** at x = 0. Thus, f(x) is continuous everywhere
except at x = 0. (]

4. Show that lim,_, 5 222% 4+ Tim, .o (1+ Z%)* >3

T

Solution: Let L; = lim,_,_» ti{‘&“ and Ly = limm%oo(l—&—f—lz)‘”. We evaluate
each limit separately.

Evaluating Ly: Let y=2+4+2. Asz — -2,y > 0. Sox =y — 2.

t -2 t -2
I, = L 22w =2) _,  tan(ry = 27)
y—0 Y y—0 Y
Since tan(f — 27) = tan 6, we have:
Ly = lim 20079
y—0 Yy



Using the standard limit limy_,q “r‘ kO — k.

lehmw.ﬂ

y—0 Yy

=l-w=m

Evaluating Ly: This is of the indeterminate form 1°°. We use the formula
limg o [f(2)]9(®) = elime—a 9(@)[f()—1],

1 ; .
Ly = lim (1+ 72)1 — ehmwooa(<1+f2)—1)

T—00 T

L2 — elimzqoc IT% _ elimw*}w % — 60 — 1

Checking the inequality: The sum is Lj + Ly = 7w + 1. We know that
m ~ 3.14159.
Li+ Lo =m+1~3.14159 + 1 = 4.14159

Since 4.14159 > 3, the inequality lim,_, _o tij_gx + limg oo (1 + 25)* > 3 is

true. O

tan® 2—3tanz

. Evaluate lim;_, z cos(@+ E)
6

Solution: Let L be the required limit.

. tan®z —3tanx
L=Im ———
s>  cos(z+ F)

(V3)?—-3v3=3V3-

+ Z) = cos(2HT) =

Numerator: Substitute z = Z: tan®(%)—3tan(%)
3v/3 = 0. Denominator: Substltute T = % cos(
cos(37) = cos(%) = 0.

The limit is of the indeterminate form %, so we can use L’Hopital’s Rule or
algebraic manipulation.

Method 1: L’Hépital’s Rule Let N(z) = tan®x — 3tanx and D(z) =
cos(r + ).

wly

N'(x) = 3tan?z - sec? 2 — 3sec? r = 3sec’ z(tan’z — 1)

D'(z) = —sin(x + %)

L N@)  Bsec(§)(tan?(5) — 1)

ez D'(z) —sin(§ + §)

We use sec(%) = 2, tan(3) = /3, and sin(5 + %) =sin(F) = 1.

32%((V3)2—1) 3-4B8-1) 12-2

L= = = =-24
-1 -1 -1

Method 2: Algebraic Manipulation Factor the numerator: N(z) =
tan z(tan® x — 3). Substitute 2 = Z +h. Asz — £, h — 0.

D(z) = cos(g +h+ %) = COS(% +h)=—sinh



The limit becomes:

I iy NG+ h)(taf(g +h)—3)
h—0 —sinh

Since tan(% + h) and tan?(% + h) are continuous at h = 0:

I_ tan(%)(tanQ(g) -3) i h
h—0 —sin h

- hmh—>0 5111}Lh

This is incorrect as the term tanz(g + h) — 3 still goes to 0 as h — 0. Let’s
go back to L’Hopital or rewrite the numerator.

We use the identity tan 3z = % So tan®z — 3tanz = —(3tanz —
tan r) = —(1 — 3tan? z) tan 3z.
L= —(3tanz — tan® ) . (1 — 3tan® ) tan 3z
= [im = lim
P cos(z + §) e cos(z + §)

Let x =% +h Asxz— 5, h—0.
cos(x + %) = cos(g +h+ %) = cos(g +h)=—sinh
tan 3z = tan3(g + h) = tan(m + 3h) = tan 3h

173tan2x%173tan2(g):173(\/5)2:179:78 asz%g

L = lim —(- 3tan2(§ + h)) tan 3h _ -(1- 3tan2(§)) limp 0 tar;lgh -limy o

h—0 —sinh —1
,_—(1-33)-3-1_ —(-8)-3 24 _
- -1 -1 -1

The limit is —24. O

—24

% Multiple Choice Questions

6. If f(2) =4 and f'(2) =1 then lim,_,5 M equals:

o
a
b
¢

d

~—~ o~

—
S e N O

)
)
)
)

—~

Solution: Substituting = 2 in the limit expression gives 2
so we use L’Hopital’s Rule.

2f(2)=2f(2) _
2-2 )

0
0

Apf(2) -2
1=ty B2 = 20(a)
dx[x 2]




Since f(2) is a constant, its derivative is 0.

L= tim LB Z2@) oy o)

x—2 1
Given f(2) =4 and f/(2) = 1:

L=4-21)=4-2=2

Alternatively
I M@ —2f(@) _wf(2) —2f(2) +2f(2) - 2f(x)
2 T —2 T2 r—2
[ [@@=2) . 2(f(@) - f(2)
T—2 xr—2 r—2 x—2

L:f(2)72hmw

x—2 r— 2
By the definition of the derivative, lim,_o W = f(2).
L=f(2) - 2f’(2) =4-2(1)=2

The correct option is (b). O

. Find the value of & if lim,_,q M + klimg,_,, loiizfl =1:

—e€

(a) e[l — ]
(b) e[l + {]
(c) el —1]
(d) ef2— 7]

. . 1 —1 . —
Solution: Let L; = lim,_. w and Lo = limy_.. loife L

Evaluate L;: This is the definition of the derivative of f(z) = logx at
xr = aQ.

Ly = f'(a) where f(z) =logx

1
Since f/(z) = %, we have L1 = % (Using L’Hopital’s Rule: L = lim, o % =
l)_

Evaluate Ly: This is the definition of the derivative of g(z) = logx at = = e.
Note that loge = 1.

! — 1
Ly = lim e g'(e)
r—e Tr—e

P—“S‘»—‘

Since ¢'(z) = %, we have Ly = % (Using L’Hépital’s Rule: Ly = lim,_,,
l).
The given equation is Ly + kLs = 1:

1 1
k(1) =1
a e



The correct option is (a). O

8. Let f: R — R be a differentiable function having f(2) = 6, f'(2) = ;5. The
value of lim,_,o w is

(a) 12

(b) 18

(c) 2

(d) 3

Solution: Let L be the required limit.

(@) 443
S At
b=

£(2) 4t3dt 0 4434t . . .
Substitute z = 2: Js — Lo = %. It is an indeterminate form, so

0
we use L’Hopital’s Rule

We use the Fundamental Theorem of Calculus (Leibniz’s Rule) for the nu-
merator’s derivative:

Here F(t) = 4t3, g(z) = f(x), and a = 6.

f(@)
% l/ﬁ 4t3dt1 = 4(f(2))* - f'(2)

L=t T 00 710

T—2

Given f(2) =6 and f'(2) = 55:

1 1 4-216 216
3
= = 1 = = =
L = 4(6) (48) 4(2 6)(48> 5 5 =18

1

Wait, let me re-evaluate 4(6)>

E
1 1 1 1 36
4-63. — =4-216-— =4-6-36- — =24-36- — = — —1
0 48 0 48 636 48 36 48 2 8
The correct option is (b). O

9. Given f/(2) =6 and f/(1) = 4 then limj,_,o %}m



does not exist

)

b) is equal to =2
) equal to 3
)

Solution: Let L be the required limit. Substituting h = 0 gives % =

%. We use L’Hopital’s Rule.

L @Elf@h 24 0?) — f(2)
h=0 G [f(h—h? +1) = f(1)]

Using the chain rule: & f(g(h)) = f'(g(h)) - ¢'(h).
%[f(2h+ 2+ h?)] = f'(2h + 2+ h?) - (2 + 2h)

d%[f(h—h2+1)]:f’(h—h2+1)~(1—2h)
U LAY
L:hmf(2h+2+h) (24 2h)
h=0 f'(h—h2+1)- (1 —2h)
Ash—0,2h+2+h?>—=2and h—h?+1— 1.

_['(2)-(2+40) _ 2/'(2)
fr)-1=0) (1)

Given f/(2) =6 and f'(1) = 4

L

The correct option is (c). d

3 2 . x)—f(a
10. If f(z) = cot™!(323%;) and g(z) = cos_l(%riz) then lim, .o %,0 <

1 ..
a<§ls.

Solution: Let L be the required limit. Substitute x = tan in f(z). Since
O0<a< %, and the limit is  — 0, we consider x near 0, where f% <z <

—\}g In this range, let = tan 6, where € (=%, §)-
3tanf — tan3 6 T
— -1 _— ) = -1 e -1 —_—
f(x) =cot™( T — 3tanZ 0 ) = cot™ " (tan 30) = cot (cot(2 30))



Smce@é( 5630 (=5,5), 505 —30€(0,m). Thus, f(x) =75 —30=

Substitute x = tan 6 in g(x).

1, 1—tan?0

g(z) = cos™ (m) = cos ' (cos 26)

Since § € (—%,%), 20 € (—%,%). Thus, g(z) =20 = 2tan™*

The limit can be written as:

@) @
L= 0@ — gla)

This is of the form %7 which is **not** an indeterminate form = if

0 # a. The limit is of the form Y 5 only if z — a. The question has a typo, it
must be lim,_,,. Assuming the limit is lim,_,,:

This is % and can be written as:

f(@)—f(a) ’
L — hm r—a — f (a)
r—a 9(x)—g(a) g/(a)

r—a

L/ _ 14+a? __ e
2

2.

_1
1+a?

Assuming the original question lim, ,( is correct:

L 10~ f(a)
9(0) —g(a)
f(0) =cot™(0) = 5. g(0) = cos™!(1) = 0.
I_ 5—(5— 3tan~!a) _ 3tan"la _ _§
0—2tan"ta —2tan"la 2
Both interpretations yield the same result. The correct option is (c). O
11. f is defined in [—5,5] as f(z) = z if z is rational, = —z if x is irrational.

Then:



(a) f(x) is continuous at every x, except x =0

(b) f(z) is discontinuous at every z, except z =0
(¢) f(x) is continuous everywhere

(d) f(x) is discontinuous everywhere

Solution: A function f(z) is continuous at x = ¢ if lim,_,. f(z) = f(¢).

Case 1: Continuity at z = 0 We need to show lim,_, f(z) = f(0). If «
is rational, f(x) =z. Asz — 0, f(z) — 0. If x is irrational, f(z) = —x. As
x — 0, f(x) = 0. So, lim,_,o f(z) = 0. Since 0 is rational, f(0) = 0. Since
lim,_, f(x) = f(0), the function f(x) is **continuous at x = 0**.

Case 2: Continuity at z = ¢ # 0 For any ¢ # 0, we consider the limit
lim, . f(x). There is a sequence of rational numbers r,, — ¢ and a sequence
of irrational numbers 7,, — c.

lim f(rp)= lim r, =c

n—oo n—oo
lim f(ip) = lim —i, = —c¢
n—oo n—oo
For the limit to exist, we must have ¢ = —¢, which implies 2¢ = 0, so ¢ = 0.

Since we assumed ¢ # 0, ¢ # —c. Thus, lim,_,. f(z) does not exist for ¢ # 0.
Therefore, f(z) is **discontinuous at every x except = 0**. The correct
option is (b). O

12. f(x) and g(z) are two differentiable functions on [0, 2] such that f”(x) —
g"(x) =0, /(1) =2¢'(1) =4, f(2) = 3g(2) =9 then f(z)— g(z) at z = 3:

Solution: Given f”(z) — ¢”(z) = 0, which implies %(f(z) —g(x)) = 0.
Let h(z) = f(x) — g(x). Then b (x) = 0. Integrating h”’(z) = 0 twice gives:

W(x)=A (where A is a constant)
h(x) = Az + B  (where B is a constant)

From h/(z) = A, we use the given conditions for the first derivatives. Given
f(1y=4and 2¢'(1) =4 = ¢'(1) =2.

So, A =2. Thus, h(z) =2z + B.

Now we find B using the values at © = 2. Given f(2) =9 and 3¢(2) =9 =
9(2) =3.



Substitute into h(z) = 2z + B:
h(2)=2(2)+B=4+B

Since h(2) = 6, we have 4+ B =6, s0 B = 2.
The function is h(z) = f(z) — g(z) = 2z + 2.
We need to find f(z) — g(z) at z = 2, which is h(2).

h(7)=2(%)+2:3+2:5

The correct option is (c). O

13. Let f(a) = g(a) = k and their nth derivatives f™(a), ¢"(a) exist and are
(@o(e)=[ ()= @}+/@) _ 4 phen
g(z)—f(z

not equal for some n. Further if lim, ., !
the value of k is:

(a) 4
(b) 1
(c) 2
(d) -1

Solution: Let L be the required limit. Simplify the numerator:

N(z) = fla)g(z) — f(a) — gla)f(z) + f(a) = f(a)g(z) — g(a)f(x)

Since f(a) = g(a) = k, we have:

The limit expression becomes:

o o) ~ ()
L= ) — )
Since f"(a) # g"(a) for some n, it implies that f(x) and g(z) are not iden-

tical. In a small neighborhood around a, g(x) — f(x) # 0 (otherwise the
functions would be identical). Thus, we can cancel the term g(z) — f(x):

L=1lmk=k

r—a

Given that L = 4, we have k = 4.
Wait, let’s recheck the numerator f(a)g(z) — f(a) — g(a)f(z) + f(a)

The limit lim,_,, % = 4. Substituting f(a) = g(a) = k:

o ) ) Mato) S _
L= al—m g(z) — f(x) alc—m g(z) — f(x) k

10



So k =4.

Let’s check for a possible typo in the problem (a common one is
fla)g(@)—f(a)f(z)— g(a)g($)+g(a)f(w) fla)(g(z)—f(z))—g(a)(g(z)—f(z) _
g(@)—f( g(z)—f(=)

fla) —g(a )—01ff( ) = g(a))-

Consider the possibility that the simplification was intended to be:
N(z) = f(a)g(x) — f(a)f(x) — g(a) f(z) + f(a)f(x)

This is what the problem states: N(z) = f(a)g(z) — f(a) — g(a)f(z) + f(a)
It seems the terms f(a) and —f(a) cancel out:

which simplifies to

The only way the answer k = 2 is correct is if the expression was different,
or if k =4 is not an option. Since 4 is an option, we stick to k = 4.

**There must be a typo in the question or options. Assuming the intention
was k = 2 and finding the expression.** If k = 2, the answer is (c). Since the
provided solution set suggests k = 2, let’s assume the correct simplification
was intended to be L = % = k. The only way to get a non-constant
expression (in k) that simplifies to 4 would be if the terms didn’t cancel so

cleanly.
Let’s assume the question meant f(a)g(z) — f(x)g(a) but one of the
f(a) was f(z).

Let’s assume the N(z) was f(a)g(x)—g(a)f(x
There must be a typo in the options if k =

as calculated. So k = 4.
the intended answer.

)g(x) = f(a) —g(a)f(x) +
kf(z) = k(g(z) — f(z)).

) a
21i
Final check on the provided expression: f(a

fla). N(z) = fla)g(x) — gla)f(x) = kg(x) —

_ k(g@)—f(x) _
L= 9@ —F @) =k. Since L =4, k =4.

Conclusion: Based on the exact expression, k¥ = 4. Assuming the
provided answer key is correct and k£ = 2 is the answer, there is a
typo in the question or options. Sticking to the mathematically correct

result based on the text: k = 4. However, since 4 is an option, I will choose
4.

Wait, the options are: (a) 4, (b) 1, (c) 2, (d) -1. The calculation
leads to k£ = 4. Since k = 4 is an option, let’s stick with k£ = 4. The

correct option is (a). O
. [1—tan(%)][1—sinz] .
14. hmw_>, W 1S:
() 3
(b)
(©) 15
(d) 0

11



Solution: Let x = 5 +h. Asxz — 5, h — 0.
. . T
1—smm:1—sm(§+h):1—cosh

7r—2x:7r—2(z+h):7r—7r—2h:—2h

2
h tan(T) + tan(2 1+ tan(®
tan(f):tan(z—kf): () — (Qh) = (i)
2 4 2 1 —tan(%)tan(3) 1 —tan(s)
Substitute into the limit L:
1-— 1+tan(%)][1 — cos h]
T 1—tan(%)
L= %H% 14+tan(2)
7 [1 + 17tan(§)][_2h]3
Simplify the terms involving tan(%):
e tan(%) _ 1= tan(%) — (1 + tan(%)) _ —2tan(%)
1 —tan(%) 1—tan(%) 1 —tan(%)
1+ 1+ tan(%) _ 1—tan(%) + 1+ tan(%) _ 2
1—tan(%) 1—tan(%) 1—tan(%)
Substitute back:
[%} [1 — cosh]
L= i =
—
|:1—tan(%):| [_8h3]
Cancel #n(%) and simplify:
. —2tan(%)(1 — cosh) . —2tan(%)(2sin® 2)
L = lim = lim
h—0 2(—8h3) h—0 —16h3
b A L) sind) sinh
h—0 16h3 4hs0 h h h
Using the standard limits lim,_,o 224" = ¢ and lim,_,o 95 = a:

S OIBIORE

The correct option is (a).

15. If

then f(z) is:

(a) continuous for all 2 but not differentiable at =0

12



(b) discontinuous everywhere

(¢) neither differentiable nor continuous at z =0

(d) continuous everywhere
Solution: For = # 0, f(x) is a product of elementary functions, so it is
continuous. We check continuity at x = 0. For continuity at x = 0, we need
lim, o f(z) = f(0). Given f(0) = 0.
Case 1: Right-Hand Limit (RHL): z — 0" For z > 0, |z| = .

fl@) = rem G =ge O0=gp. 1=z

RHL = lim f(z)= lim =0

z—0t z—0t1

Case 2: Left-Hand Limit (LHL): z — 0~ For z <0, |z| = —x.

f(x) = ze (5573 = e~ ("33 = get

Lety:%. Asxz — 07,y — —oo. Also z = =

1
1 2y
LHL = lim -e® = lim —

y——o0 Y y——o00 Y

Asy — —o0, €2 — 0 and y — —oco. This limit is 0 (exponential decay
dominates linear increase). More formally, let t = —2y. As y — —oo,

t — o0.
—t

LHL — hme—zz—z lim & = 2.0=0

t—00 —t/ t—oo tet

Since LHL = 0, RHL = 0, and f(0) = 0, we have lim,_,o f(z) = f(0). Thus,

f(z) is **continuous everywhere**.

**Check Differentiability at x = 0 (for completeness)**

Hoy — iy JOER) = fO) o f(R)
70 = fiy S i

Right-Hand Derivative (RHD): h — 0%

RHD = lim ﬁ: Iim 1=1
h—0+ h h—0t

Left-Hand Derivative (LHD): h — 0~

R
Ash—)O’,%—)—oo, so er — 0.
LHD =0
Since LHD # RHD (0 # 1), the function is **not differentiable at z = 0**.

The function is continuous everywhere but not differentiable at x = 0. The
correct option is (a). O

13



