Set 1 - Limits and Continuity

Subjective Questions - Solutions

1. If )
eW—Q f 1
f@)={ et 7
1, ifz=1

Discuss the behavior of f(z) at = 1.

Solution: To discuss the behavior at x = 1, we evaluate the Left Hand
Limit (LHL) and Right Hand Limit (RHL) at 2 = 1 and compare them
with f(1).

Right Hand Limit (RHL) at z = 1: Let x = 1 + h, where h — 0.
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Left Hand Limit (LHL) at x = 1: Let =1 — h, where h — 07.
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Function Value:

fay=1

Conclusion: Since lim,_,;+ f(z) = 1 and lim,_,;- f(z) = —1, the LHL
# RHL. Thus, lim,_,; f(z) does not exist. The function f(x) is dis-
continuous at z = 1 (specifically, a jump discontinuity).

z cos x—sinx
r?sinx

2. Evaluate lim,_,¢

Solution: As x — 0, the expression is of the form %, SO we can use
L’Hopital’s Rule or Maclaurin Series expansion.



Method 1: Using L’Hopital’s Rule
rcosx —sinx
z—0  x?sinz

Applying L’Hopital’s Rule (differentiate numerator and denominator):

. (cosz —zsinz) — cosx . —zrsinx
L = lim - 5 = lim - 5
z—0  2zxsinx + x?cosx z—0 2xr sinx + x“ cosx

For z # 0, we can divide the numerator and denominator by x:

. —sinx
L=lm-————
z—0 28inx + x cosx

The limit is still %. Applying L’Hopital’s Rule again:

. —cosx . —cosx
L = lim - m-———
=0 2cosx + (cosx —xsinz) 2—03cosx — xsinx

Now, substitute z = 0:

—cos0 -1 1

L: n = =
3cos0—0sin0  3(1)—0 3

Method 2: Using Standard Limits and Series Expansion We can
use the standard limit lim,_,q 2% = 1 and the Maclaurin series sinz =

X

x— é—? + O(2®) and cosz = 1 — 5”2—7 + O(z4).

. xcosx —sinx . xcosx —sinx
L = lim — s = lim ———
z—0 T4 sinx z—0 3. %

sinx
T

Since lim,_,q = 1, we focus on the numerator:

x (1 — ’;—T + O(x4)> — (ac — %‘:’ + O($5))

L = lim
z—0 x3
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3
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2 6 6 6 3
The value of the limit is —%.
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Find the value of a so that the function may be continuous at x = 0.

Solution: For f(z) to be continuous at x = 0, we must have:

lim f(z)= lim f(z) = f(0)

z—0~ z—0t

We are given f(0) =
Left Hand Limit (LHL) at = = 0:

1 — cosdx

lim f(z) = lim 5

r—0— x—0 €T
. . . .. 2/0
Using the identity 1 — cos@ = 2sin”(5):

2sin’(2 in(2z) sin(2
i sm(m):th.sm( z) sin(2z)

x—0 1‘2 z—0 X X

To use the standard limit hrny_m Sy — 1 we multiply and divide by 2

1im2.<sinz(2x).2)-<sm2(2x) .2> =2-(1-2)-(1-2)=8

z—0 T €T

Right Hand Limit (RHL) at 2 = 0:

G
xli%l+f( @) = m 16 +z —4

This is of the form %. ‘We rationalize the denominator:

N3 V16 Va4
0 16+ vE—4 16+ o+

b \/E(«/16—|—\/3?—|—4):h VE(y/16 + x + 4)

a0 (16 + /x) — 42 a—0 16+ /x — 16

Ve(y/16 + /x + 4)
3:—>O f

For x > 0, we can cancel /x:

= lim (\/16+ vz +4) = \/16 + VO +4=V16+4=4+4=38

For continuity at x = 0:

lim f(z)= lim f(z)=f(0) = 8=8=a

z—0~ z—0+

The value of a is 8.



ae”—bcosx4ce * __ 2

4. Evaluate the values of a, b and ¢ such that lim,_,q Y=

ae®—bcosxtce” ©
x sin x

Solution: Let L = lim,_,q . The limit exists and is finite

(L=2).
As & — 0, the denominator xsinz — 0 -0 = 0. For the limit to be finite,
the numerator must also approach zero as x — 0 (must be of the % form).

Condition 1 (Numerator — 0):

lim (ae® —bcosz + ce™*) =0
z—0

ae® —bcos0+ ce® =0

a(l)=b(1)4+¢(1)=0 = a—b+c=0 (I
Since the limit is of the % form, we use L’Hopital’s Rule.

L1 £ (ae” —bcosz + ce™™) i ae® + bsinx — ce™®
= lim = lim .
z—0 % (;[; sin x) z—0 sSInx + T cosx

Now, as  — 0, the denominator sinz + x cosz — 0+ 0 = 0. For the limit
to be 2, the new numerator must also approach zero.

Condition 2 (New Numerator — 0):
iig%)(aex +bsinz —ce™®) =0
ae® +bsin0 — ce® =0
a(l) +b(0) —¢c(1) =0 = a—-c=0 = a=c (II)
Substitute (II) into (I):

a—b+a=0 = 2a—b=0 => b=2a (III)

The limit is still of the % form, so we apply L’Hopital’s Rule again:

L= %(aex +bsinx — ce™7) . ae® +bcosx +ce” %
= [1m = 11m .
z—0 %(Sjnx -+ x cos 1’) z—0 CoOsS T + (COS T — T Ssin Z‘)

ae® +bcosx +ce™®

L = lim

z—0 2cosx — zxsinx

Now, as ¢ — 0, the denominator 2cosz —xsinz — 2(1) —0 =2 # 0. We
can substitute x = 0:

ae® +bcos0+ce®  a(l)+b(1)+c(l) a+b+c

2cos0—0sin0 2(1) -0 2

We are given that L = 2:

a+b+c

5 =2 = a+b+c=4 (IV)



We use (II) and (III) in (IV):
a+(2a) +a=4
da=4 = a=1

From (II): c=a = c=1
From (IIT): b=2a = b=2(1) = b=2
The values area=1,b =2, and c = 1.

. Find the value of f(0) so that the function f(z) = 1 — 22— 2 # 0 is
continuous at z = 0.

Solution: For f(z) to be continuous at = 0, f(0) must be equal to
limg o f(x).

‘We combine the fractions:

(e —1)— 22
R

As x — 0, the numerator — (e® — 1) — 0 = 0 and the denominator

— 0(e® — 1) = 0. The limit is of the 2 form.

Method 1: Using L’Hopital’s Rule Apply L’Hopital’s Rule:

i(eQ” —1-2x) 2e2* — 2 2% — 2
0) = lim 2= — 1 = lim ———F
f(0) im dd (xezﬂ” ) mli% (1-e2 4 - 26296) -1 g;l—% e2r 4 gpe?r — 1

X

The limit is still %. Apply L’Hopital’s Rule again:

O = tim 222Dy, e
a=0 L (e20 4 2pe2r — 1) @0 227 4 (2- €27 + 2 - 2e27)

) 462&0
10) = ;% 4e2r 4 4ye?e

Substitute x = 0:

40 A 4
- =3

10 =757 40)e® ~ 4(1)+0

Method 2: Using Maclaurin Series Use the expansion e?* = 1 +
2 3
(2z) + Z- + B2 4 O(at):

(1+2x+%+%+0(az4)) —1-2z
>0 g ((1422+ 2 +0(2%)) — 1)

222 4 42° 4 O(z*)
= 1. 3
1) = I 207 + 0(2%))




222 + 427 4 O(a*
F(0) = 1 2215 O
=0 222 + 223 + O(z4)

Divide numerator and denominator by 22

2+ % +0(?) 2
£(0) = lim + 5+ (x): +0+0 _
z=02+2x+0(22) 2+0+0

The value of f(0) is 1.

Multiple Choice Questions - Solutions
6. The function f(z) = |z| + % is:

a) discontinuous at the origin because |z| is discontinuous there

E—‘ is discontinuous there

||

(a)
(b) discontinuous at the origin because
(c) discontinuous at —1 because — is discontinuous there

(d) continuous at the origin

Solution: The function f(x) is defined as:

r+2=z+1, ifx>0
flz)=q -+ ZFE=-2-1, ifz<0
undefined, ifx=0

Since ‘xil is not defined at = 0, f(x) is not defined at © = 0. For the
limit at z = 0:
lim f(z)= lim (z+1)=1
z—0+t

z—0t
lim f(z)= lim (—z—-1)=-1
z—0~ z—0~

Since lim,_,q+ f(x) # lim,_,q- f(x), lim,_,0 f(x) does not exist, and f(z)
is discontinuous at £ = 0. The discontinuity arises because the component
% (which is 1 for > 0 and —1 for x < 0) is discontinuous at = = 0.

Solution: The limit is of the indeterminate form 1°° as lim,_, i—ié =1

and lim,_, o (22+1) = co. We use the standard formula: limggﬁa[f(w)]g(m) =
elimz—a g(2)(f(2)-1)
[ — limemoo (20+1) (25 -1)
x+1 1_$+1_(x+2) -1

T+ 2 T+ 2 T+ 2



I = elimmaw@x-&-l)(%) — elimmqOO 731;1

To evaluate the limit in the exponent, we divide the numerator and de-
nominator by x:

. o—2c-1 . —2-1 9. 9
lim —— = lim 5= =
z—oo T4 2 z—oo 14 2 1+0

Therefore, L = e 2.

. The value of lim,, (1—13 +1 +...4upton terms) is:

3-5
(&) 3
(b)
()
(d)

Solution: The k-th term of the series is T}, =
fraction decomposition:

1/ 1 1
T == (—-—__-
F 2(2/<;-1 2k;+1>

The sum of the first n terms, S,,, is a telescoping series:
= 17/1 1 11 1 1
S, = T == (=== - _Z _
; ) {(1 3>+<3 5>+ +(2n—1 2n+1>}

1 1
n—g3 1-
& 2{ 2n+1}

Now, we evaluate the limit as n — oo:

wi= NR O

1 .
m. ‘We use partlal

. 't 1 1 1
JLH;oSn—JL%[l—W] =5l=0=3

CIf limg0(1 + aa;)% = e* where @ and b are natural numbers then:

(a) ab=4
(b) ab=26
(¢) ab=
(d) ab=14

Solution: The limit is of the indeterminate form 1°°. We use the standard
formula: lim,_,o(1 + f(2))9®) = elime—0 f(#)9(®) where f(x) = ar and

gla) = L.
. b
lim (1 + az)* = elime—o(az)(3)
z—0

_ elimzﬂo(ab) — eab



10.

11.

We are given that lim,_(1 + az)? = e?.

eab _ e4

By comparing the exponents, we get ab = 4.

a”—1

Vati-va is:
(a) 2v/a-2loga
(b) 2v/3aloga

(c) 2y/aloga

() valoga

Solution: The limit is of the form o We can use standard limits and
rationalization.

th—>O

a® —1
We multiply the numerator and denominator by the conjugate of the de-
nominator: v/a + z + /a.

b @ = D(aFE+ Va)
2 (Vat s - Va)(Vat s+ a)

L @ DWVaFT Ve (e DVar et V)
z—0 (a+1‘)—a 20 -

We rearrange to use the standard limit lim, g % =loga:

x—0 x

v 1
L = lim (“ )-1in%)(\/a+x+\/a)
z—

L= (loga) - (Va 0+ ya) = (loga) - (2va)
L =2aloga

The function f(x) = [z] cos [241] m where [.] denotes the greatest integer

function is discontinuous at:
(a) all x

(b) no x

(c) all integral points

(d) x which is not an integer

Solution: We simplify the argument of the cosine function:

Saba N

The function is f(z) = [2]cos ([z — 3] 7).




The greatest integer function [y] is discontinuous at every integer n. Thus,
[x] is discontinuous at all integers, and [a: — %] is discontinuous when x—%
is an integer, i.e., z =n + %, where n € Z.

Let’s check at an integer n:
ex—nt:z=n+h h— 0"

lim f(z) = lim [n+ h]cos ([n+h— 1} 7r>

z—nt h—01 2
Since h >0, [n+h] =n. Since h— 3 € (—3,3), [n+h— 1] =n—1.

lim f(z) =ncos((n — 1)7) = n(-1)""*

r—nt

ex—>n:x=n—h,h—0" .

lim f(z) = lim [n — h]cos ([n— h— 1} 7T>

T—n~" h—0t 2

Since h >0, [n —h] =n — 1. Since —h — 3 € (=1,0), [n—h — 1] =
n — 1.

lim f(z) = (n—1)cos((n — 1)m) = (n — 1)(=1)""*

arentt
For continuity at x = n, the LHL must equal the RHL:
n(-1)" = (n -1
If cos((n — 1)7) # 0, we can divide by (—1)"1:
n=n—1=— 0=-1

This is impossible, so the LHL # RHL for all integers n.

The function is discontinuous at all integral points.

12. lim, o sin[rv/n? + 1] is equal to:

(
(b)
(c¢) does not exist

(d) -1

a) oo
0
c

Solution: We want to evaluate L = lim,_, sin[rvn? + 1]. We rewrite
vn? + 1 by multiplying and dividing by the conjugate:

— VAT F1 24 1) - p? 1
W den = (Va2 +1-n) n?+1l+n _ (n24+1)—n®
vni+1l4+n vnZ+1+n vni+1+n

2 _ 1
Thus, vVn?+1=n+ T




13.

The argument of the sine function is:

Tvn2+1=mn+ T

n2+1+n

Let@nZﬁ ASTL-}OO,QTL%O.

L = lim sin (mn + 0,)
n—oo
Using the identity sin(A + B) = sin A cos B + cos A sin B:

L= nh_)rréo (sin(mn) cos(6y,) + cos(mn) sin(6,,))

Since n is an integer (implied by the sequence notation n — oo for this
kind of problem):
sin(mn) =0
cos(mn) = (—=1)"

L= lim (0-cos(6,)+ (=1)"sin(b,)) = nlLH;o(—l)" sin(y,)

n—0o0

Since 6,, — 0, we have sin(6,) — sin(0) = 0. Since |[(—1)"sin(f,)| =
|sin(6,,)| and lim,_, « | sin(f,,)| = 0, by the Squeeze Theorem, the limit is
0.

The function defined by

x =
f(z) {}1x2§x+143, if 2 <1

(a) continuous at z =1
(b) continuous at z =3
(c) differentiable at x =1
(d) all of the above
Solution: We check continuity at the boundary points z =1 and z = 3
(where the definition of |z — 3| changes).
At z =1 (Boundary 1):
o LHL: lim, ;- f(z) = $(1)2 = 3(1) + 2 = § — & + 13 = LH13-6 —
8=2
e RHL: lim, ,,+ f(z) = [1—3|=|—2/=2
e f)=[1-3=2
Since LHL = RHL = f(1), f(z) is continuous at = 1. (Option a is
correct.)
At = =3 (Boundary 2): Near z =3, z > 1, so f(z) = |z — 3|.

—(r—-3)=3—z, if1<xr<3
flz) = le=3) .
x — 3, ifx >3

10



14.

e LHL: lim, ,3- f(z) =
e RHL: lim, .3+ f(z) =
o f3)=3-3=0
Since LHL = RHL = f(3), f(z) is continuous at x = 3. (Option b is
correct.)
Differentiability at x = 1: We find the left and right derivatives.

d (1 3 13 1 3
rio— — | 2.2 %2 ) = 2 2
f(x)_dx(zf” 2:”4) 2" 2
y=tmy 3o 2__
Py =50 -s=-2=1
Near x =1 (for z > 1), f(x)=|z —3| =3 —=
fat) = 23 —a) = -1
dz
) =1
Since f/(17) = f/(17) = —1, the function is differentiable at z = 1.

(Option c is correct.)

Since a, b, and ¢ are all correct, the answer is d.

If
e, ifx<0
f@) = {1 —z|, ifz>0
(a) f(z) is differentiable at © = 0
(b) f(z) is continuous at z = 0,1
(¢) f(=x) is differentiable at =1

(d) none of the above
Solution: We analyze continuity and differentiability at the boundary
points £ = 0 and =z = 1.
At z =0 (Boundary 1):

e LHL: lim,_,o- f(x) =¢" =1

e RHL: lim, .o+ f(z)=[1-0] =1

e f(0)= e =1
Since LHL = RHL = f(0), f(«) is continuous at 2 = 0.
Differentiability at = = 0:

o Left Derivative (x < 0): f'(z7) = %(ex) =e® f(07)=e’=1.
e Right Derivative (z > 0): Near z = 0, [1 —z| =1 —z. f/(at) =

41 —z)=-1. f/(07)=-1.

11



Since f'(07) # f'(07), f(x) is not differentiable at = 0. (Option a is
incorrect.)

At z =1 (Boundary 2 for |1 — z|): The function is f(z) = |1 — 2| near

z=1.
l—z, if0<ax<1
fﬁﬂ_{xL ifr>1

e RHL: lim, .1+ f(z)=1—-1=0
o f(1)=1-1=0
Since LHL = RHL = f(1), f(x) is continuous at x = 1.
Differentiability at = = 1:
e Left Derivative (0 <z <1): f'(27) = L (1-2)=-1. f/(17) = -1.
e Right Derivative (z > 1): f'(z7) = L(z —-1)=1. f/(17) = 1.

Since f/(17) # f'(17), f(x) is not differentiable at © = 1. (Option c is
incorrect.)
)

Since f(z) is continuous at x = 0 and = = 1, Option b is correct.
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