Detailed Solutions: Limits and Calculus Applications — Set 5

Multiple Choice Questions Solutions

1. Question: Evaluate the limit:

lim sin {7‘(‘\/ n? + 1}
n—oo
n? 4+ 1) — n? 1
Solution: We use the identity v/n2+1—n = ( = . Thus, vVn2+1 =n+
. Y vVn2+1+4n vn2+1l+4+n
———_ The argument of the sine function is:
n2+1+n
T
7r\/n2—|—1:n7r+7
vni+1+n
Let QH:L. Asn — oo, 0, — 0.
nZ+1+n

L = lim sin (n7 +0,)
n—oo
Using sin(nm + 0) = (—1)" sin(0):
L= lim (—1)"sin(6,)

n—00

n

Since 6, — 0, we have sin(,) — 0. The product of a bounded term (—1)
(sin6,,) is zero.

and a term tending to zero

Answer: 0 (Option b).

2. Question: The value of the limit is:

nsoo\1-3 3-5 5.7 7 (2n—1)2n+1)

Solution: This is the limit of the sum of a telescoping series. The general term T}, is:

1
(2k — 1)(2k + 1)

v 1
2% —1 2k+1

T, =

Using partial fraction decomposition:

| —

T =

The sum of the first n terms S,, is:

S fl 1,1 + 1,1 + + 1 f$
"9 3 3 5 m—1 2n+1

The intermediate terms cancel:

The limit is:

Answer: — (Option a).

1
2

3. Question: The value of the limit is:

. 3xr—4 K
lim



Solution: The limit is of the indeterminate form 1°°. We use the formula lim f(z)9(®) = elime—a 9@)(f(@)=1)
r—a

3r—4 1

Here f(z) = 3i+2andg(x):x;_ .
3z —4 (Bx—4) — (3x +2) —6
— —_ ]_ = g
/@) 3z + 2 3z + 2 31 +2
The exponent limit M is:
z+1 —6
M=l s@UE) -1 =1 =5~ 50
Mo —2(x+1)
z—oo  3x + 2

—201+1) 21 2
M = lim ( 2”’)— (>:—7
The original limit L = ¢™ = ¢~%/3. Answer: ¢~ 5 (Option b).

. Question: Given f'(2) =6 and f'(1) = 4, the value of the limit is:

i f(2h+2+h?) — f(2)
=0 f(h—h2+4+1)— f(1)

Solution: The limit is of the g indeterminate form. We apply L’Hoépital’s Rule.

L (feh+24h%) — f(2))

L= e+ D) — )
dh

Using the Chain Rule:
. ' 2h+2+n%) . L(2h+2+ h?)
L = lim - 5 7] 5
h=0  f'(h—h?+1)- 5-(h—h?+1)
f'(2h + 2+ k%) - (2+2h)
L = lim
h—0 f'(h—h%2+4+1)-(1—2h)

Substitute h = 0:

Answer: 3 (Option c).

3r — a3 1—a? - 1
. Question: If f(x) = cot™!( 196, 3;2) and g(z) = cos_l(T;), then lim J;Eg — i;((s)), where 0 < a < 518
. o 0 o o : . fla)
Solution: The limit is of the 0 form, which is the definition of the ratio of derivatives, — (@) We use the
g (a

1
substitution z = tan . Since 0 < a < ok the standard inverse trigonometric formulae apply.

3tanf — tan® 6

T 3tan20 ) = cot™*(tan 36).

e f(z) = cot™(

f(z) = cot™ 1(cot(g 39)):5—3923—3@11 g
/ _i I_ -1 _ 3
f(x)_dx(Z 3 tan x)_ 1+ 22

., 1—tan?0

e g(x) =cos™ (m) = cos ™ *(cos 26).



The limit is:

Ll =3ase)
7@~ 2/0+a)

-3
Answer: > (Option c).

sinx cosx tanx f(z)
6. Question: If f(z) = | 3 x? x|, then lim —= is:
20 1 1 o

Solution: Expand the determinant f(z) along the third row for simplicity, or directly:
f(z) = sin z(z?

— ) — cosz(z® — 227) + tan z (2> — 22%)
f(z) =2?sinz — xsinz — 23 cosz + 222 cosz — 2 tan

Since & — 0, we use the Maclaurin series expansions up to the z2 term (since the denominator is z=):
e sinr~x

22
e cosr~1— —

2

e tanx =~ x

f(@) % a?(2) - a(x) = 2°(1) + 227 (1 = ) —2* (&) + O(a*)

flx)~=a® -2 — 23 + 222 — 2t — 2% + O(2?)
Grouping powers of z:

e 3 terms: 22 — 23 =0

o 72 terms: —z2 + 222 = 2

f(@) =2 + O(a?)
The limit is: 2 + O
= PO i 14 0007 -1
Answer: 1 (Option d).

7. Question: Evaluate the limit:

. T
lim [:E tanx — <7> sec :c]
Solution:

The limit is of the oo — oo form. We rewrite the expression using tanz =

1
and secx = .
Ccos T

OS T

rsinz  w/2 rsinz — /2
L = lim [ — / ] = lim 7/
z—% | COST  COST Py coS &
. 0 . T .. T, 7

This is of the 0 form since —sin(=) —

5 = 0. Apply L’Hopital’s Rule:

[ — im L (zsine —7/2)

. l-sinx+zcosx
7 = lim -
P = (cos ) Ty — sz
Substitute z = —:
I_ sin(g) + geos(z) 14+5-0 1 _
N —sin(%) -1 -1
Answer: —1 (Option a).

8. Question: Evaluate the limit:



10.

Solution: The problem as stated results in an infinite limit. A common variation intended to yield one of

the options is lim { T T — x} . We solve the intended variation.
Tr—r 00

L= hm{ T+ T — x}
T—r0o0

Rationalize the numerator:

VT
Vet Vit Ve

L = lim (2 + V7))~ = lim
Tr— 00

TR

Divide the numerator and denominator by +/x:

L=lim —— = lim !

1
Asx%oo,ﬁ%O:
oL 11
CVI+0+1 141 2

1
Answer: 3 (Option a).

Question: Evaluate the limit:

. v1—cos2z
hm —_—
z—0 \/51;

Solution: We use the identity 1 — cos 2z = 2sin® x:

V1 —cos2x = V2sin? z = V2| sin z|

The limit becomes:
L=t Y2500y
x—0 \/ix x—0 X
Since the absolute value function is involved, we check the Left Hand Limit (LHL) and Right Hand Limit
(RHL):

| sin x|

e RHL (x — 07): For x > 0, |sinz| = sinz.

Lt = lim 2% =1
z—0t T
e LHL (z - 07): For z <0, |sinz| = —sinz.
L™= lim 2% = 4. im 2P 11211
z—0~ T z—=0- T

Since L™ # L™, the limit does not exist. Answer: Does not exist (Option d).

. 2245z +3\"
lim | ———
z—oo \ 224+ 2+ 3

Question: Evaluate the limit:

Solution: The limit is of the 1°° indeterminate form. We use the formula lim f(x)9(®) = elime—a 9@)(f(@)=1)
r—a

245 3
Here f(x):%and g(z) = z.
2%+ 5z +3 (22 + 52 +3) — (2% + x + 3) 4
f(.]?)—lz 2 -1= 2 = 2
44+ x4+ 3 i+ x+3 ¢4+ x+3
The exponent limit M is:
2
M= lim x- iz 1z

2
vooo T2z 43 aomer?t+az+3



11.

12.

13.

Dividing numerator and denominator by z?:

. 4 4
M= Ty s = 1r0r0
T 2

The original limit L = e™ = e*. Answer: e* (Option a).
2) -2
Question: Let f(z) be a differentiable function such that f(2) =4 and f’(2) = 4. Then lim2 sz(m)
T—r T —

is given by:

Solution: The limit is of the g form since the numerator is 2f(2) — 2f(2) = 0. Apply L’Hopital’s Rule:

L @) - 2f()

Since f(2) is a constant:
L f2) -2 ()

r—2 1
Substitute v = 2:
L= f(2)-2f(2)
Using the given values f(2) =4 and f'(2) = 4:
L=4-24)=4-8=—4
Answer: —4 (Option a).
Question: Evaluate the limit for p > —1:

1P 4 2P 43P 4 ... + nP
m

n—00 np+1

Solution: We rewrite the expression to fit the form of a Riemann Sum:

N Ny
L:hm—g kP = lim — —
n—oo nP+1 n—oo N npbP
k=1 k=1

N AN
L= lim — =
ngf;onZ(n>

k=1
! k
This is the limit of a sum, which is equivalent to the definite integral / f(x)dx, where f(z) =P, — =z,
0 n
1
and — = dz.
n
1
L= / zPdz
0
Since p > —1, the integral is proper:
el R Lo 1
B [p#—l}o_p—&-l T p+l p+1

1
Answer: —— (Option a).
| (Op )

Question: The value of the limit is:

lim log ™ — [z]

1 7] ,n € N where [z] denotes greatest integer less than or equal to
T— X



Solution: We analyze the limit as « approaches 0 from the right, x — 07, since logz™ is only defined for
x > 0 (assuming n is any natural number). For z — 0", z is positive and less than 1, so the greatest integer
function is:

[z] =0
. . logz™ -0 . T n
The limit expression becomes — 0 Since z — 07, log 2™ — —oo0.
. log =™
L= lim =—-00
z—0+ OF

Since the limit does not exist (it is infinite), the correct option is 'Does not exist’. Answer: Does not exist
(Option d).

14. Question: If f(1) =1 and f’(1) = 2, then lim Vi) =1 is:

r—1 \/,E—l

1)—1 1-1
Solution: The limit is of the % form since \‘%z . ={-1° 0. Apply L’Hopital’s Rule:
(. Sfla) -
L=limde Y/ -

z—1 £ )

1 i
= - f'(x)
o T Vi A

rz—1

2z
I — lim £ GV
z—1 f(.’l?)

Substitute z = 1:
SOvE 2.1
fm o v

Answer: 2 (Option a).
15. Question: If f(z +y) = f(z)f(y) for all z,y, and f(5) =2, f(0) = 3, then f'(5) is:
Solution: The functional equation f(z +y) = f(x)f(y) implies that f(z) is an exponential function (or

f(z) =0). First, find f(0): Set z =y =0: f(0) = f(0)f(0). Since f(5) =2 # 0, f(0) must be 1.

Now, use the definition of the derivative for f’(x):

f(x+h) - f(z)

’ T
fiw) = Jimy h
Using the functional equation f(z + h) = f(x)f(h):
- f@)f(h) = f(x) f(h) =1
/ = =
fi(a) = lim Y f(x) lim
We recognize the limit term as the definition of f/(0):
h—0 h—>O
We are given f'(0) = 3.
So, f'(z) = f(x) - 3. To find f'(5), substitute x = 5:
f'(5)=f(5)-3
Given f(5) =
'(G)=2-3=6
Answer: 6 (Option b).
16. Question: Evaluate the expression:
o243t 4t 13428433+ 4nd
lim = — lim =
n—00 n n—ro0 n



Solution: Let L be the first limit and Lo be the second limit.
Limit L; (Riemann Sum):
1 n k 4
L; = lim — —
=l (3)

1
This converts to the integral / ztdx:
0

Limit L, (Degree Comparison):

n—o00 nd
e nn+1)\> nt+2n3+n?
Th f cub kB = = )
e sum o cueswé ( 5 ) 1
Ly — tim 4700
27 S nd

Since the degree of the numerator (4) is less than the degree of the denominator (5), the limit is 0.

L2 == 0
The final expression value is L1 — Lo:
L1 g1
5 5
1 .
Answer: £ (Option a).

log(3 + ) —log(3 — z)
x

= k, the value of k is:

17. Question: If lim
z—0

0
Solution: The limit is of the 0 form since log(3) — log(3) = 0. Apply L'Hépital’s Rule:

b — Tim %(log(?u + ) —log(3 — x))

x—0 Tdr (x)
1 1
b= lim F2 175 (D
x—0 1

Substitute x = 0:

Answer: - (Option a).

Wl o

18. Question: The value of the limit is:



0
Solution: The limit is of the 0 form. Apply L’Hoépital’s Rule. For the numerator, we use the Fundamental

b(xz)
Theorem of Calculus (Leibniz Rule): % /( ) ft)ydt = f(b(x))b' (z) — f(a(z))d (x).

2
d x
e Numerator derivative: %/ sec? tdt = sec?(z?) - (2z) — sec?(0) - (0) = 2w sec®(z?).
0

. N d . . .
e Denominator derivative: — (zsinz) =sinz -1+ -cosz =sinz + x cosz.

dx

. 2z sec?(z2
I = lim #
z—0 SIN T + X COST

0
This is still o Divide numerator and denominator by x:

L= tim 237
=0 525 4 cosw
Now use standard limits: lim sec?(z?) = sec?(0) = 1, lim T 1, lim cosz = 1.
z—0 z—0 X x—0
2-12 2
L = = - = 1
1+1 2

Answer: 1 (Option a).

19. Question: Let f(a) = g(a) = k and their nth derivatives ™ (a) and g™ (a) exist and are not equal for
some n. Further if lim H@)g(z) = (o) = gla) f(w) + fla)
a=a g(z) — f(z)

= 4, then the value of k is:

Solution: First, simplify the numerator N:

N = f(a)g(z) — g(a) f(z)

Substitute the given condition f(a) = g(a) = k:

N =kg(x) = kf(z) = k(g(x) - f(z))

The limit expression L becomes:
L ko)~ f@)
e=a g(z) — f(z)

0
The denominator approaches g(a) — f(a) = k — k = 0, so the form is 0 However, since the numerator and

denominator share a common factor (g(z) — f(z)), we can cancel this term for = # a.

L=1mk

r—a

Since k is a constant, the limit is k. We are given that the limit is 4:
k=4

(The condition regarding the derivatives ensures that g(x) — f(x) # 0 for z in the neighbourhood of a,
justifying the cancellation.) Answer: 4 (Option a).



