Binomial Theorem - Set 2: DETAILED SOLUTIONS

1. r and n are positive integers r > 1,n > 2 and coefficients of (r + 2)*® term and 37** term in the
expansion of (1 + x)?" are equal, then n equals

Solution: The general term in (1 + 2)V is Tj41 with coefficient C}¥. Here N = 2n.

o Coefficient of (r + 2)™ term (ky =7+ 1): C27,
o Coefficient of 3r*" term (ky = 3r — 1): C2"
Given: C?}, = C3m_,.
The equality CN = C’év holdsifa=bora+b=N.
(a) Case 1: r+1=3r—1 = 2=2r = r = 1. This contradicts the condition r > 1, so we
reject this case.

(b) Case 2: (r+1)+ (3r—1)=2n

dr =2n
n=2r
(a) 3r
(b) 3r +1
(c) 2r
(d) 2r +1
[ Ans. ¢ |

2. If x is positive, the first negative term in the expansion of (1+ )% is

Solution: This is a binomial expansion for a fractional index («a = %7 = 5.4). The general term is
Try1 = —a(o‘fl)';!(afwrl)xr.

For T,.41 to be the first negative term, the coefficient must be negative, meaning the numerator
ala—1)---(a—r+1) must be negative.

Since a > 0,a—1 > 0,. .., the product will become negative when the first negative factor appears.
The last factor is (a — r + 1). We require:

a—r+1<0

27

54—r+1<0
6.4—7r<0
r>6.4

Since r must be an integer, the smallest integer value for r is r = 7. The first negative term is
Tr+1 = T7+1 = Tg, the 8th term.

(a) 6th term
(b) 7th term
(c) 5th term
(d) 8th term

[ Ans. d |



3. The coefficient of the middle term in the binomial expansion in powers of x of (1 + ax)* and
(1 — za)® is the same is « equals

Solution: 1. Expansion of (1 + ax)*: (n = 4, even). The middle term is Tayy =1Ts.
Ts = C3(1)* 2 (ax)? = 6a’2?
Coefficient of the middle term: Cjsq = 602
2. Expansion of (1 — az)®: (n =6, even). The middle term is Ts g =Ty
T, = C5(1)5 3 (—ax)® = 20(—a’2®) = —20a°23

Coefficient of the middle term: Cjzo = —20a3.

Given Cpr1 = Cyya:
60% = —200°

2002 + 602 =0
202 (10 + 3) = 0

Possible solutions are « = 0 or 10ac + 3 = 0. If @ = 0, the expansion is trivial. Assuming « # 0:

10a0 = -3 = a:—%
(a) 2
(b) ¥
(©) %o
(@) 3
[ Ans. ¢ ]

4. The coefficient of 2™ in expansion of (1 + z)(1 — )™ is
Solution:
I+ l-2)"=1-1-2)"+z-(1—2)"
We need the coefficient of ™ in the whole expression.

1. Coefficient of 2™ in 1- (1 —x)™: The general term of (1 — )" is C7*(—z)" = C(—1)"z". For
z", we set r = n.

Coeff; = C"(—1)" =1+ (=1)" = (~1)"

2. Coeflicient of 2" in z - (1 — x)":

zr-l—a)"=x-

n n
ZC:’(—l)T.%‘T‘| — ZC:L(—l)rJJT—H
r=0 r=0
For the term to contain ™, we need r+1=mn,sor =n — 1.

Coeffy = C"_(=1)"*

Since C)'_; = C} =n:
Coeffy = n(—1)""*

3. Total Coeflicient of z":

Total Coeff = Coeff; + Coeffy = (—1)" 4 n(—1)""*
Factor out (—1)"~1:

Total Coeff = (=1)" "' [(=1) +n] = (=1)""}(n - 1)
Alternatively, factor out (—1)":

Total Coeff = (—=1)" [1 +n(—1)"'] = (-1)" [1 — n]



(a) (=1)"'n

(b) (=1)*(1—mn)
(c) (=) Hn—1)?
(d) (n—1)
[ Ans. b |

. The value of °°C, + 2?21 567y is
Solution: Let B = C50 + Y°_ €36

Expand the sum:
6

DT =CP + O+ CP + O+ O3 4 CF°

r=1
The expression F is:

E=CP+C+C8 + 032+ CP + 03+ CF
Apply Pascal’s Identity C" + C™_; = C"*! repeatedly, starting with the first two terms:

E=(C+C)+ 03+ CP2+ O + G + C3°
=CP +CY + 0 +CP + C3* 4+ CF°
=(CH+ O+ 02+ 0P+ 03 - CF°
=CP?+ 0+ 0P+ 0P +CP
=CP+CP +C3* + 0P
=C*+ 3+ CF°

_oprop
_ 156
=Cy
(a) °Cy
(b) 5503
(C) 5603
(d) 5604
[ Ans. d]
. The sum of the series 2°Cy =20 C; +2°Cy =20 C5 + -+ — -+ +20 ¢ is

Solution: The complete alternating sum is:

Sttt = 20— C20 4 OB . 4 OB = (1 - 1) = 0

The required sum is S = C3° — C3° + -+ + CH.
We use the property C7' = C7'_ ..

Stan = (C3° = CP 4 -+ = CF* + CF) + (=CH + CI — -+ C30) =0

Consider the terms from C?) onwards:

20 __ 20
Oll - CQ

20 __ 20
C'12 - CS

20 __ 20
C’20 - C’0



The sum can be written as:

Sean = (C2° = O 4. —C20 4+ CR) + (—C + €20 — ... + 029
=(C3*—CP°+ - =GN+ C + (C3° = CY0 +--- = CF°)
=2(C® - CP ... —C2) + O =0

Let 54 =C20—C# + .- —C3. Then 2S4 + C{) =0 = Sa=—1C%.
The required sum S is:
1 1
S=84+CH = fgcfg +CR = 5Ofg

7. If n is a positive integer, then (v/3 +1)2" — (v/3 — 1)2" is
Solution: Let X = (V3 + 1) — (/3 —1)?". Let A = v/3 and B = 1. Using the binomial
expansion:

N
(A+B)N —(A-B)N =2 cNAN—"B

r=1
r odd

Here N = 2n (even).
X =2 [C (VBT 4+ G5 (VB (1) 4+ CR (VE) (1)

The term inside the bracket is:

Cl2n32n—1 + C§n32n2—3 + L + 0227?7131/2
Since the exponents of 3, 2"2_1, 2"2_3, ey %, are all half-integers, the powers of /3 are odd powers

of /3, e.g., 3k-1/2/3.
Let I be the sum in the bracket. Each term contains a factor of v/3:

I = \/g [012n3n—1 + anS"_2 4 022:;7130]

The expression in the square brackets is a sum of integers, hence it is an integer. Let this integer
be K.

X =2V3K
Since n is a positive integer, K is a non-zero integer.

The expression X is 2 x integer x v/3, which is a product of a non-zero integer and the irrational
number v/3. Therefore, X is an **irrational number**.

a) an irrational number

(a)
(b)
(c)

)

(d) a rational number other than positive integers

an odd positive integer

an even positive integer

[ Ans. a]



8. Expand by binomial theorem: (1 — z + z2)*

Solution: We group the terms and use the binomial theorem, ((1 — ) + x2)4:

Ti(r=0):Co(1 —2)*(x*)’=1-(1—2)*
To(r=1):CH(1 — )3z = 42*(1 — 2)3
Ts3(r=2): Co(1 — z)*(z%)? = 62*(1 — x)?
Ta(r=3):C5(1 — )" (2%)3 = 42°(1 — 2)

Ts(r=4):C{(1 —2)°(@H*=1-2°

Expanding each term:

(1—2)* =1 — 4z + 622 — 42 4 2*
42°(1 — x)® = 422(1 — 32 + 3% — %) = 42® — 122° + 122* — 42°
62*(1 — 2)% = 62*(1 — 22 + 2?) = 62* — 122° + 62°
42%(1 — z) = 425 — 427
28— 8

Adding the terms by powers of x:

20 1

ol —dx

2 62 + 42? = 1022

22 —42® —122% = —1623
ot 2t + 1221 + 62 = 1922
2®:  —4a® —122° = —162°
2% 62°% 4+ 42° = 102°

TR L

8 28

(1 -2+ 23 =1 -4z + 102 — 162 4+ 192" — 162° + 102° — 427 4 2®

[Ans. 1 — 4z + 102? — 162 + 192* — 1625 + 1025 — 427 + 28]

9. Find the term independent of z in (z* 4+ 1)?

Solution: The general term is 7,1 = C"a"~"b". Here n =9, a = 22, b= o~ 1.
Typ1 = C2(22)° " (z~)"
Tpy = CO318=2rg=" = 95183
For the term to be independent of x, the exponent of x must be zero:
18—3r=0 = 3r=18 = r=6

The term independent of z is T;.41 = Tg4+1 = T7, the 7Tth term.
[Ans. 7th term)]



10. If coefficients of a"~1,a”,a"*! in (1 + a)™ are in A.P., prove:

n? —n(dr+1)+4r% —2=0
Proof: The coefficient of a* in (1 + a)™ is C}. The coefficients of a"~1,a",a" ! are:
Cro1 = O:-l—lv C, = Cyna C7‘+1 = 077}4_1

If they are in A.P., then 2C, = C,_1 + Cr41.

200 =C + Oy

Divide the equation by C7"_;:

n n
0 Gy Crn
n n
Or—l Cr—l
Using the ratio identities -or— = 2=r#l ang Sren — Froa O no(rdDHL pordl
g cr_ r cr.,— Ccp Cr., T r+1 r -

n—r+1 n—r n—r+1
20— | =1+
r r+1 r
Multiply by 7(r + 1) to clear denominators:
2r+)(n—r+1)=r(r+1)+(n—r)(n—r+1)
Expand the terms:
2nr =1 +r4n—r+1)=r +r4+(n-r)n—r+1)

2nr —r?* +n+ 1) =r*+r+n* —nr+n—nr+r2—7
nr — 2 o +2=r24r4n®—2nr4n+r’—r

Group all terms on the right side:
0=n?+2nr —2nr)+ 72 +r°4+n—2n+r—r—2nr+2r> —2
0 =n?+ (21n — 22n) + (2r* — 2r?)
Re-evaluation (Simplifying powers of r):

nr—2r +2n+2=n2—2nr+2r2+n

Move all terms to the right side:
0=n?—2nr—2nr +2r>+2r2 +n—2n —2
0=n?—dnr+4r* —n —2
Rearrange to match the required form:

n? —n(4r+1)+4r* —2=0 (Proved)



11. If in (1 +2)™(1 — 2)", coeff. of z is 3 and of 22 is —6, find m.

Solution: We consider the first few terms of the expansions:

1
(1+x)m:1+OTx+C?x2+---=1+mx+%x2+---

-1
(1—x)"=1—C{La:+C§w2—-~-zl—nx—&—%xz—---

The product P(xz) = (1 + z)™(1 — z)™

P(z) = <1+mx+m(m2_1)x2+--~> <l—nx—|—n(n2_1)x2—~-~>

1. Coefficient of z: Coeff of x comes from 1 - (—nz) and (mz) - 1:
Coeff(z) = —n+m

Given Coeff(z) = 3:
m—n=3 (1)

2. Coefficient of z%: Coeff of 2% comes from 1 - (@ﬁ)? (mz) - (—nz), and (sz) E

Coeff(2?) = M —mn+ M
2 2
Given Coeff(2?) = —6:
n?—n _mn+m2—m _ g
2 2
Multiply by 2:
n? —n—2mn+m?—m=—12

(m? = 2mn +n?) — (m +n) = —12
(m—n)?—(m+n)=-12 (2)
Substitute (1) into (2):
(3) — (m+n) = —12
9—(m+n)=-12
m+n=9+12=21 (3)

Solve the system of equations (1) and (3) for m:

m-n=3
m+n=21
Adding the two equations:
2m =24 — m =12
(Then n =21 —-12=09).
[Ans. 12]

12. Find " Cy +*" Cy +*" Cg + - - - +4" Cy,,
Solution: Let S = C§" + C{" + C¢" + - - - + C34". This is the sum of coefficients C*" where r =0
(mod 4).
We use the root of unity method with w = i and w = —i, which are the 4th roots of unity (excluding
+1). Let (14 )4 = S22 Cdngr.
Setz=1: Cf"+C{"+C3" +C3" +---+Cit =24 (1) Set v = —1: C§" — Ci" + 3" — C4" +
=0 (2)



Set x = 1:
(1+)* =C5" +Cf"i — Cy" — C§™i+Cy™ + -+ (3)

Set x = —i:
(1_i)4n:an_Cilni_C§n+C§lni+Cin+~-~ (4)

Adding (3) and (4):
I+ 4+ (1 =) =205 —Cn+Ci"—C" +---] (5)
Calculate the L.H.S. of (5):
(141) =V2e'™* —= (14 i)™ = (V/2)"e™™ = 22" (cos(nr) + isin(nw)) = 22" (—1)"
(1—i) =v2e /" = (1-i)*" =2%e ™™ =2%"(—1)"
(1+0)* 4 (1 —4)1" = 2. 22" (—1)" = 22" F 1 (—1)"
From (5): Cg" — C3" + C{" = Cg" + -+ = 5 (2" (=1)") = 22" (-1)" (6)

Add (1), (2), and twice of (6):
L)+ (2)+2x(6):

The sum of all coefficients + alternating sum of all coefficients + twice the even-indexed alternating
sum.

[Co+Cr+Cot-]+[Co—Cr+Cq—-]+2[Co—Co+Cy— -]
A4CG" + 40" + 408" 4 -+ = 2" 4 042 22" (—1)"

4S — 24n + 22n+1(_1)n
24n 22n+1
S="_+

—1)"
S — 24TL—2 + 22n—1(_1)n

[Ans. 24772 4 (—1)"22"7 1]

2
, 2 n
Cfap = ma prove (ZZ:I ax)” = <n+1)

Proof: First, find the sum ) ,_; a;. Use partial fraction decomposition for ay:

1 1
TR+ "k k+l

The sum is a telescoping series:

All intermediate terms cancel out:

11 1  n+l-1_ =n

Pt 1 n+1 n+1 n+1 n+1

(;ak>2 - (nil)Q

LHS = RHS (Proved)

Now, square the result:




1 21

14. If (r + 1)th term of (Zl% + 21172) has equal powers of a, b, find 7.

Solution: The expansion is (A + B)™ where n = 21, A = ‘;ijz = a'/3p=1/%, and B = 211;2 =

a—1/6p1/2.

The general term is T}y, = C?1A?1-"B":

Tpiq = C2L(al/3p™1/6)21=r (g~ 1/0p1/2)r
Collect the powers of a and b:
Toyr = Crzla%(21—r)—érb—%(21—r)+§r
Power of a (P,):
P _ 21—7r v 2Q21—7r)—7r 42—-2r—7r 42-3r
© 3 6 6 B 6 -6
Power of b (P,):
21—r r —21—7)+3r —214r+3r 4r—21
Pb = — + - = = =

6 2 6 6 6

Given that the powers of a and b are equal: P, = P,.

42 —-3r  4r—-21

6 6
42 — 3r =4r — 21
42 4+ 21 = 4r + 3r

63=Tr = r=9

[Ans. 9]

15. Coefficient of 2% in (1 + 3z + 32% + 23)%°

Solution: Recognize the term inside the bracket as a binomial expansion:

143z +32% +2° = Co(1)> + C3 (1) 2z + C3(1)2? + C323 = (1 + z)?

The given expression is:

E=((1+2)7)"

=(1+xz)%
The coefficient of #2° in the expansion of (1 + )% is CS):

60!
20140!

Coeff(2?°) = C%) =

[AHS. 60040]

16. Two consecutive equal coefficients in (3 + 2x)™

Solution: The general term of (a 4+ b)™ is Ty41 = Clra™ "b". Here n = 74, a = 3, b = 2x. The
coefficients are C, = CT4374-72r.

Let the two consecutive equal coefficients be C,. and C).y1.

Cr = Upr41

CZ4374—T‘2’I” — Czi1374—(7‘+1) 2T‘+1



Expand the terms and simplify:
Cr74 374—T or

. . =1
C«Zil 373—r 9gr+l
Using the identity Ccn: — = ,T:i
r+1
r+ 1 1 -1
.3l.9-1 -1
74 —r
r+1 3
T4—r 2

3(r+1) =2(74 )
3r43 =148 — 2r
5r = 145

The two consecutive equal coefficients correspond to the terms 7,41 and T,45. The value r = 29
means the equal coefficients are Cag and Cp. These are the coefficients of the (29+1) = 30" term
and the (29 + 2) = 315" term.

[Ans. 30, 31]

17. Coefficient of 2" in (1 — z) 2

Solution: The expansion of (1 — x)~™ using the Generalized Binomial Theorem is:

(1—z) =Y Crtrtar
r=0

For n = 2:
(o) o0
(1 _ .13)_2 — ZCE+T_1 r_ ZC:+1$T
r=0 r=0
Since Oyt = C(FY, = O =r+ 1.
(1—2)2 :Z(r—i—l)ﬂ: 1422 +32% + 423 + - -
r=0

The coefficient of " is r + 1.

[Ans. r + 1]
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