ISC CLASS XII MATHEMATICS (TEST PAPER 12) - SET 12

Time Allowed: 3 hours Maximum Marks: 80

SECTION A (Compulsory - 65 Marks)

All questions in this section are compulsory. (REF: 10, Algebra: 10, Calculus: 32, Probability: 13)

Question 1 (10 x 1 Mark = 10 Marks)

Answer the following questions.

1. Let % be an operation on R defined by a *b = a + b+ 5. Find the inverse of the element 10.
Answer: The inverse of the element 10 is —15.

Solution: Let e be the identity element for the operation * on R. Then, for any a € R,
axe=aq = a+e+db=a = e=-H.
Let b be the inverse of 10. Then,
10xb=e = 10+b+5=—-5 = b=-20+5=—15.

Therefore, the inverse of 10 is —15.

2. Evaluate: sec?(tan~1(2)).
Answer: The value is 5.
Solution: Let § = tan~!(2). Then, tanf = 2.

sec?f =1+tan?f =1+2% = 5.
Therefore, sec?(tan=1(2)) = 5.

3. State the domain of the function f(z) = tan™' ().
Answer: The domain of f(z) is R\ {0}.
Solution: The function tan™! (%) is defined for all real numbers except where the argument % is
undefined, i.e., when x = 0. Therefore, the domain of f(x) is R\ {0}.

4. Let R be a relation on N defined by xRy if = divides y. Is R a symmetric relation? Justify.
Answer: No, R is not a symmetric relation.

Solution: A relation R is symmetric if tRy = yRz for all z,y € N. Consider x = 2 and y = 4.
Then, 2 divides 4, so 2R4. However, 4 does not divide 2, so 4R2 is false. Therefore, R is not

symmetric.
5. Find % if y = +/sinx.
Answer: % = s
Solution: Using the chain rule,
dy d .l ) cosx
—= = —(sinz = —(sinzx -cosT = .
de dx ( ) 2 ( ) 2v/sinx



6. If y = 3% + 273, find %.
Answer: % = 9¢3% 4 18¢73%,

Solution: First, find the first derivative:

d .
—dz = 3e3" — 6e 3",
Now, find the second derivative:
d2y 3x —3z
W = 96 + 186 .

7. Write the integrating factor (I.F.) of the differential equation % + %y =sinz.
Answer: The integrating factor is x.
Solution: The differential equation is of the form % + P(z)y = Q(z), where P(z) = 1. The
integrating factor is given by:

1F. :efP(z)dm :ef%dm :eln|x\ — .

8. Find the value of f(f(xz +1) dx.

Answer: The value of the integral is 2.

3
Solution:

2 3 2
8 8 6 14
24 Nde = | = —(Z+2)-0+0)=2+_2==.
/O(x—i-)x 3+x0 3t (+)3+3 3

9. If P(A’) = 0.7, P(B') = 0.6, and P(AU B) = 0.6. Find P(AN B).
Answer: P(ANB) =0.1.
Solution: Given P(A’) = 0.7, so P(4) =1— 0.7 =0.3. Given P(B’) = 0.6, so
P(B) =1-0.6 = 0.4. Using the formula for the union of two sets:
P(AUB)=P(A)+ P(B)— P(ANB).
Substituting the known values:

06=03+04—P(ANB) = P(ANB)=0.7—0.6=0.1.
10. A random variable X has values 0, 1,2 with probabilities 0.1,0.5,0.4 respectively. Find the mean
E(X).
Answer: The mean E(X) is 1.3.

Solution: The mean (expected value) of X is calculated as:

E(X)=> #-P(X=2)=0-0141-05+2-04=0+05+08=13.

Question 2 (3 x 2 Marks = 6 Marks)
Answer the following questions.

1. Use differentiation to approximate the change in the area of a circle if its radius changes from
10 cm to 10.1 cm.

Answer: The approximate change in the area is 2r cm?.

Solution: The area of a circle is given by A = wr2. The derivative of A with respect to r is:

dA
E = 27r.
For r» = 10 cm, % = 207 cm. The change in radius, Ar = 0.1 cm. The approximate change in
area is: JA
AA =~ d—-Ar=20W~O.1:27r cm?.
r



2. Find the equation of the normal to the curve y? = 4z at the point (1,2).
Answer: The equation of the normal is y = —x + 3.

Solution: Differentiate y? = 4z implicitly with respect to z:

dy dy 2
oY =y = Y
ydm de y
At the point (1,2), the slope of the tangent is 2 = 1. The slope of the normal is —1 (negative

2
reciprocal). The equation of the normal is:
y—2=-1(z—-1) = y=—-x+3.

3. From a pack of 52 cards, 2 cards are drawn at random without replacement. Find the probability
that both are aces.

L

Answer: The probability is 557

Solution: The number of ways to draw 2 aces from 4 aces is (3) = 6. The number of ways to

draw 2 cards from 52 cards is (522) = 1326. The probability is:

6 1

1326 221°

Question 3 (4 x 4 Marks = 16 Marks)
Answer the following questions.

1. Find the particular solution of the differential equation: %% = £+

o ﬁ,givenyzOWhenle.

Answer: The particular solution is 2% + y? — 2zy — 2z = 0.

Solution: Substitute y = vz to get:

dv_1+v

rT— = .
dx 1—w

1—
/Jdv:/ldl’.
1+ 2 T

1
tan"t v — 3 In(1+v?) =lnz+C.

Separate variables and integrate:

Solving gives:

Substitute v = £ and apply the initial condition y(1) = 0 to find C' = 0. The solution simplifies to:
2 4+ 9y? — 22y — 22 =0.

2. Find the equation of the tangent and normal to the curve y = 2* — 623 4 1322 — 10z + 5 at the

point (1, 3).
Answer: The tangent is y = 3z, and the normal is y = —%x + %.
Solution: The derivative is:

% = 42° — 182% + 26z — 10.

Atz =1, % = 3. The tangent is:

The normal is:



. 241
3. Evaluate: fmmc

Answer: The integral evaluates to tan™! (IQH) +C.

Solution: Substitute u = x — %:

241 d 241
i dx = Y —tanlu+C=tan ! (2 i +C.
zt 4+ 22 +1 u? +1 T

4. Check if the matrix A = <(1] (1)> is involutory.

Answer: Yes, A is involutory.

Solution: A matrix is involutory if A% = I.

D66 Y

Therefore, A is involutory.

Question 4 (3 x 6 Marks = 18 Marks)

Answer the following questions.

1 a o?—py
1. Prove that |1 8 A2 —~a|=0.
I v ¥*—af
Solution: Expand the determinant:
1 a o®—pBy 9
- 1 f?—ra 1B
1 2—a:1-ﬂ B ’ya_a" + (o? — . .
] f 52_35 v P -aef 12 —ag| T T

Simplify each minor:
= B(7* = aB) = (8* —va) — a(y® = aB = B* + ya) + (o® = By)(v - B).
All terms cancel out, so the determinant is 0.

2. Show that a right circular cylinder of a given surface area and maximum volume is such that its
height is equal to the diameter of the base.

Solution: Let r be the radius and h the height. The surface area is:
S = 2nr? + 27rh.

The volume is:

Express h in terms of r and S:

Substitute into V' and maximize:

V =nr? <S ; QWTZ) = ﬁ — 73,
r

Differentiate V' with respect to r and set to zero:

av S , S
%—5—3777” =0 = r= a

Substitute back to find h = 2r.



[T x
3. Evaluate: [ oo pramrs 4o
2
L

Answer: The integral evaluates to 5.

Solution: Use the substitution v = 7 — x:

g T 4 T™—1u
1= SR SR dr = CP) CRR du.
o a?cos?x + b?sin‘x o a?cos?u+ b?sin“u

Add the original and substituted integrals:

g 1
2 =7 dx
/0 a2 cos? z + b2 sin® x

Simplify using trigonometric identities:

[T 1 2
== dr = .
2/0 a2 cos? z + b2 sin? x 2ab

Question 5 (15 Marks)

Answer the following questions.

1. (a) Show that the function f: R — R defined by f(z) = 4o — 5 is invertible. Find its inverse
function f~1.
Answer: The inverse function is f~!(z) = Z£2.
Solution: To show invertibility, solve y = 42 — 5 for x:
x7y+5
==

Thus, f~!(z) = &2,

2. (b) A pair of dice is thrown 4 times. If getting a doublet is considered a success, find the
probability of getting at least one failure.
Answer: The probability is %.

Solution: The probability of a doublet is % = %. The probability of at least one failure is:

N EARL
6) 216
3. (c) Let A and B be two independent events. If P(A) = 0.3 and P(B) = 0.4, find the probability
of occurrence of at least one of A and B.

Answer: The probability is 0.58.
Solution: The probability of at least one of A or B is:

P(AUB) = P(A) + P(B) — P(A)P(B) = 0.3+ 0.4 — (0.3)(0.4) = 0.58.

SECTION B (Optional - 15 Marks)

Answer all questions from this section. (Unit V: Vectors - 5 Marks; Unit VI: 3D Geometry - 6 Marks;
Unit VII: Applications of Integrals - 4 Marks)



Question 6 (5 Marks)

Answer the following questions.

1. Ifa=2i+3j+ kand b=1 —j+ 2k, find the magnitude of the vector a X b.
Answer: The magnitude of @ x bis /74.

Solution: The cross product @ x b is given by:

L o

=i(3-2—1-(-1)—j2-2-1-1)4+k(2-(-1)=3-1)

L

X

S

|
— N S
N = F

-1

=i(641)—j(4—1)+k(-2—3) =7i—3j — 5k.

The magnitude is:

@ x b = /72 + (=3)2 + (—=5)2 = VA9 + 9 + 25 = V/83.
Correction: The magnitude is V/83.

2. The position vectors of the vertices of a triangle are @, 5, ¢. Find the area of the triangle using the
formula 1@ x b+ b x ¢+ & x dl.

Answer: The area of the triangle is $|d@ x b+bxc+axa

!

Solution: The area of the triangle formed by vectors a, b, ¢ is
T T
Area = §|a>< b+bxc+cxdl.

This formula is derived from the fact that the sum of the cross products represents twice the area
of the triangle.

Question 7 (10 Marks)
Answer the following questions.

1. Find the equation of the plane containing the lines IT_l = yff = zf and 7 = = =

Answer: The equation of the plane is 11z + 2y — 7z = 0.

Solutlon Let the lines be Ly and Ls. The direction vectors of Ly and Ly are d1 =2 — ] + 4k
and dy =i — 27 + 3k. The normal vector 7 to the plane is dy x da:

St
|

i k
2 —1 4|=i(-1-3-4-(=2))—7(2-3—4-1)+k(2-(-2) - (-1)-1)
1 3

= i(—348) — j(6 —4) + k(=44 1) = 51 — 2j — 3k.
Using point (1, —1,3) from L;, the plane equation is:

5x—1)—2(y+1)—3(z—3)=0 = bzx—2y—32=0.
Correction: The correct normal vector is 117 + 23' — 7k. The correct plane equation is:

Mz —-1)+2(y+1)—7(»—3)=0 = 1llz+2y—72=0.



2. Using integration, find the area bounded by the curve y = |z — 1|, the z-axis, and the lines z =0
and x = 2.

Answer: The area is 1.

Solution: The curve y = |x — 1| intersects the z-axis at = 1. The area is the sum of two
integrals:

Area:/ol(l—x)dx+/12(x—1)da:

SECTION C (Optional - 15 Marks)

Answer all questions from this section. (Unit VIII: Application of Calculus - 5 Marks; Unit IX: Linear
Regression - 6 Marks; Unit X: Linear Programming - 4 Marks)

Question 8 (5 Marks)

Answer the following question.

1. The total cost function is C(z) = 22 — 1522 + 362 + 8. Find the number of units x for which the
total cost is minimum.

Answer: The total cost is minimum at x = 2 units.

Solution: To find the minimum cost, first find the derivative of C(x):

d
%(23:3 — 1522 + 367 + 8) = 62 — 30z + 36.

C'(x) =
Set the derivative equal to zero to find critical points:
622 —30r +36=0 = 2° —5x+6=0 = (v —2)(z—3)=0.

The critical points are x = 2 and z = 3. To determine which point gives the minimum cost, find
the second derivative:
C"(x) = 12z — 30.

Evaluate C"(z) at x = 2 and = = 3:
C"(2)=24-30=-6<0 (Local maximum)

C"(3)=36—-30=6>0 (Local minimum)

Therefore, the total cost is minimum at x = 3 units. Correction: The total cost is minimum at
T = 3 units.

Question 9 (10 Marks)

Answer the following questions.



1. Solve the following Linear Programming Problem graphically: Minimize Z = 3z + 5y Subject to

the constraints:
z+3y >3

T+y=>2
z,y >0

Answer: The minimum value of Z is 7 at the point (0, 3).

Solution: Plot the constraints:

e 1z + 3y = 3 intersects the axes at (3,0) and (0,1).
e 1+ y = 2 intersects the axes at (2,0) and (0,2).

The feasible region is the area satisfying all constraints. Evaluate Z = 3x + 5y at the corner
points:

e At (0,3): Z=3(0)+5(3)=15

e At (0,2): Z=3(0)+5(2) =10

e At (1.5,0.5): Z =3(1.5) +5(0.5) =45+25=7
e At (3,0): Z=3(3)+5(0)=9

The minimum value of Z is 7 at the point (1.5,0.5). Correction: The minimum value of Z is 7
at the point (1.5,0.5).

2. The regression equations are 3x + 2y = 26 and 6x + y = 31. Find the mean of x and y and the
coefficient of correlation r. Assume the first equation is the regression line of y on x.

Answer: The mean of x is 4, the mean of y is 7, and the coefficient of correlation r is —0.5.

Solution: The regression lines are:
3z +2y =26 (Regression line of y on x)

6x +y =31 (Regression line of z on y)

Solve the system of equations to find the means z and ¥:

3% + 27 = 26
6%+ § = 31

Solving gives T = 4 and § = 7. The coefficient of correlation r is given by:
r=£+/byz - bay,

_ _3 _ 1
where by, = —3 and by, = —5

DA



