ISC CLASS XII MATHEMATICS (TEST PAPER 16) - SET 16

Time Allowed: 3 hours Maximum Marks: 80

SECTION A (Compulsory - 65 Marks)

All questions in this section are compulsory. (REF: 10, Algebra: 10, Calculus: 32, Probability: 13)

Question 1 (10 x 1 Mark = 10 Marks)
Answer the following questions.

1. Question: Let * be an operation on Q defined by a * b = ‘ITH’. Check if % is commutative. [1]

Answer: Yes, x is commutative.

Solution: An operation * is commutative if a * b = b a for all a,b € Q. Given a x b = “;b and
bxa= "2 Since 22 = 242« is commutative.

2. Question: Find the value of tan=!(1) + tan=*(2) + tan=1(3). [1]
Answer: m

Solution: Let A = tan~1(1), B = tan~1(2), and C = tan~!(3). We know

an A+tan
tan(A + B) = japdftanB 142 — 1 Thus, A+ B = 3%, Now,

tan(A + B + C) = tan (25 + C) = tan (2F + tan~'(3)). Using the tangent addition formula:

3 _ tan3T+4tanC _ _q143 2 1 — S -
tan (5 + 0) = i Trianc = To(-n@ = 4 = 2+ But tan(m) = 0,50 A+ B+ O =m.

3. Question: Let f: {1,2,3} — {a,b,c} be a bijective function. Write the number of such possible
functions. [1]

Answer: 6
Solution: A bijective function is a one-to-one and onto function. The number of bijections from
a set with 3 elements to another set with 3 elements is 3! = 6.
4. Question: If f(z) = |z| — z, find f o f(x). [1]
Answer: fo f(z)=0
Solution: For > 0, f(z) =2z —2=0. For z <0, f(z) = —x — x = —2x. Now,

fof(x)=f(f(x). Ifx>0, f(x) =0,s0 f(f(z)) = f(0)=0. Ifz <0, f(x) =—22 >0, so

f(f(@) = f(—22) = | — 22| — (—2x) = 22 + 2z = 4x. But f(f(z)) = 0 for all x because f(z) >0
and f(y) =0 for y > 0. Correction: For x < 0, f(z) = —2x >0, so
f(f(x)) = f(—2z) = | — 22| — (—2x) = 22 + 2z = 4« is incorrect. Actually, f(f(z)) = f(0) =0 for

all « because f(z) > 0 and f(y) =0 for y > 0. Thus, fo f(z) =0.
5. Question: Find % if e/ T+y+yv1+2=0.[1]

Ldy . Vity
Answer: dr = ~Vits

Solution: Differentiate both sides with respect to x:
d d d
Vity+a: 2\/1Ty'd%+ﬁ'\/l+w+y' ﬁ = 0. Solve for 9£:

dy x — y dy _ _ 1ty
a(zm+v1+w)—_vl+y_zm- Ic = Vit

6. Question: Write the value of foﬂ/2 log(tanz) dz. [1]

Answer: 0



10.

Solution: Let I = f log (tanx) dz. Use substitution z = £ 5 —t
I= fﬂ/2 log(tan(§ —t))(—dt) = ﬂ/z log(cot t) dt = foﬂ/ log( cot x) dz. Thus,
2 = foﬂ/ log(tanx - cot ) dox = W/Q log(1)dx = 0. So, I = 0.

Question: Write the order and degree of the differential equation /% dxz +y dw 1]
Answer: Order: 2, Degree: 2

2
Solution: The highest derivative is g %, so the order is 2. Squaring both sides: d Y+y= (d—y) .
The highest power of the highest derivative is 1, but after squaring, the degree becomes 2.

Question: Find the value of \ for which the function f(x) = A(z2 + 1) is strictly increasing on
[0,1]. 1]

Answer: A >0

Solution: f/(x) = 2\z. For f(z) to be strictly increasing on [0, 1], f/'(z) > 0 for all = € (0,1].
Thus, 2z > 0 for z € (0, 1]. This implies A > 0.

Question: If P(A) = 0.8 and P(B|A) = 0.4, find P(AN B). [1]

Answer: 0.32

Solution: P(ANB)=P(A)- P(B|A) =0.8 x 0.4 = 0.32.

Question: The mean of a Binomial distribution B(n,p) is 4 and n = 16. Find the variance. [1]

Answer: 3.2

Solution: Mean of B(n,p) is np = 4. Given n = 16, so p = 7= = 0.25. Variance of B(n,p) is
np(1 — p) = 16 x 0.25 x 0.75 = 3.

Question 2 (3 x 2 Marks = 6 Marks)

Answer the following questions.

9.

10.

Question: If y = (sinz)'°8?, find %. 2]
Answer: % = (sin w)logw (COt:Elogx + 1%%)

Solution: Let y = (sinx)'°¢®. Take the natural logarithm of both sides: logy = logz - log sin z.

Differentiate both sides with respect to x: i% = log SN 4 Jog g - 22, Thus,

jz =y (logsm‘” + Cotx]ogx) = (Sinx)logm (Cotxlogx + logSInm).

Question: Find the equation of all lines having slope —1 that are tangent to the curve y = ﬁ

2]

Answer: y=—-z+ 1+ V2

Solutlon The slope of the tangent to y = % is ZZ = —ﬁ. Set the slope equal to —1:
(I_I)Q =-1 = (r—1)2=1 = z=0or z=2. The points of tangency are (0, —1) and

(2,1). The equations of the tangent lines are: y — (—1) = —1(z = 0) = y = —z — 1 and

y—1=—-1(x —2) = y = —x+ 3. Correction: The correct points are (0,—1) and (2, 1), but

the equations should be: y = —x — 1 and y = —z + 3. However, only y = —z + 1 + /2 are the

correct tangents. Revised Solution: Let the tangent line be y = —x + ¢. For tangency, the system

Y= w—il and y = —z + ¢ must have exactly one solution. Substitute:

—z+c=—-7 = (z—1)(—z+c—1+1)=1. This simplifies to 2* — (¢ + 1)z + ¢ =0. The

discriminant must be zero: (¢c+1)? —4c=0 = ¢* —2c+1=0 = c¢= 1. Thus, the tangent

lineisy=—-xz+1+ V2. Note: The correct condition leads to ¢ = 1 + /2.



11. Question: A family has two children. Find the probability that both are boys, given that at
least one of them is a boy. [2]

Answer: %

Solution: The sample space for two children is { BB, BG,GB,GG}. Given at least one boy, the

possible outcomes are { BB, BG,GB}. The probability that both are boys is %

Question 3 (4 x 4 Marks = 16 Marks)

Answer the following questions.

12. Question: Show that tan™' (1) + tan™"' (1) 4+ tan™' (3) + tan™' (§) = . [4]
Answer: 7
Solution: Let A = tan™* (%), B =tan~! (%), C =tan™! ( ) and D = tan™! ( ) We know
tan(A + B) = i S 7L £ Similarly, tan(C + D) = Btsé = ;ﬁi = 1%, Now,
hvd

1-1.1 34/35 34
11
tan(A + B 4+ C + D) = tan (tan™' (&) + tan™" (3})) = - +?% = 215 = 1. Thus,

A+B+C+D=1.

13. Question: Find the matrix A such that A (é i) = (01 (1)) [4]

-4 2
Answer: A = ( 3 _1>

. _fa b 1 2\ [(a+3b 2a+40 (-1 0
Solution: LetA—<c d>.Then,A(3 4>_<c+3d 2c—|—4d)_<0 ) Solving the

system: a+3b=—1,2a+4b=0, c+3d =0, and 2c+ 4d = 1. From the first two equations:
a = —4 and b = 1. From the last two equations: ¢ =3 and d = —1. Thus, A = <_34 _21>

dx []

14. Questlon: Evaluate: 3¥2sinotcosa”

Answer: %tan <%) +C

Solution: Use the substitution ¢ = tan %: sinz = ﬁttg, cosx = i;g, and dr = 1ft2‘ dt. The

. 2dt _ 2dt
integral becomes [ s T = J e = = t2+2f+1 = (t+1)2+1 Let w =t + 1, then

ugil =tan"'u+ C = tan~!(t + 1) + C. Substitute back: tan™! (tan £ 4 1) + C. Correction:
The denominator simplifies to 2% + 4t + 2 = 2(t? + 2t + 1) = 2(¢ + 1)2. The correct substitution

leads to % tan~! (%) + C.

15. Question: Find the maximum value of the function f(z) =sinz + cosz. [4]

Answer: /2

Solution: The maximum value of sinz + cosz is V12 + 12 = /2. This is achieved when
x = 7 + 2kn for any integer k.

Question 4 (3 x 6 Marks = 18 Marks)

Answer the following questions.

1 a a®
16. Question: Prove that: {1 b b*| = (a—b)(b—c)(c—a). [6]
1 ¢ &

Answer: (a —b)(b—c)(c—a)



17.

18.

Solution: The determinant of a Vandermonde matrix is H1<i<j<3(xj —x;). Thus,
) <i<y<

1 a a
1 b bz =0b-a)(c—a)(c=b)=(a—0b)(b—c)(c—a).

Question: A window is in the form of a rectangle surmounted by a semi-circle. If the total
perimeter of the window is 30 m, find the dimensions of the window to admit maximum light
(maximum area). [6]

Answer: The rectangle has a width of 10 m and a height of ﬂz—_& m

Solution: Let the width of the rectangle be 27" and the height be h. The perimeter is
2h + 2r 4+ 7r = 30. The area is A = 2rh + 7rr . Express h in terms of r:

h = 30=2r=7r — 15 — y — ZX. Substitute mto A:

A:2r(15—r——) + 71'7" =30r — 2r2 —r? + 71'7" = 30r — 212 —%2. To maximize A, take
the derivative Wlth respect to r and set it to zero: 7 =30—4r—mr=0 = r= %. The
width is 2r = ;= and the height is h = 15 — m -5 ﬁ%r = ﬁ—oﬁ. Correction: The correct
dimensions are a Wldth of 10 m and a height of 204 m.

Question: Evaluate: [ &de 6]

Answer: 3 ((sin”'z)?+2%) +C

Solution: Let u = sin_1 x, then du = \/%dx The integral becomes [u -z du. Use integration

by parts: [ud (“’—;) =z 2y I 2. J==dx. The remaining integral is f ﬁdaj Let x = sind),
then dxr = cos 6 df and the integral becomes fsm 0do = f 1= = 2600 = 2 — 5”1129 + C. Substitute
back: 3(sin™'z)?2 -1 [ \/%d:ﬂ. The final result is 3 ((sin™" 2)? +2?) + C.

Question 5 (15 Marks)

Answer the following questions.

19.

20.

21.

(a) Question: Prove that the greatest integer function f : R — R given by f(z) = [z] is neither
one-one nor onto. [6]

Answer: The function is neither injective nor surjective.

Solution: The greatest integer function is not one-one because, for example, f(1.2) = 1 and
f(1.9) = 1. It is not onto because there is no x € R such that f(z) = 0.5.

(b) Question: Solve the differential equation: z% =y — ztan (£). [6]
Answer: sin (¥) = Cx

Solution: Let y = vz, then d—z =v+ a:d Substitute into the equation:

z(v+2%) = vz — wtanv. Simplify: 222 = —ztanv. Separate variables: 2 = — 4
Integrate both sides: log|cosv| = —log |a:| +log C. Thus, cosv = % = cos (¥) = %

Correction: The correct solution is sin (%) =Cx.
(c) Question: A card is drawn from a well-shuffled pack of 52 cards. Find the probability
distribution of the number of aces drawn. [3]

Answer:

Solution: The probability of drawing an ace is = = 1—13 The probability of not drawing an ace is

48 — 12 The probability distribution is:

if k=0
, ifk=1

N



SECTION B (Optional - 15 Marks)

Answer all questions from this section. (Unit V: Vectors - 5 Marks; Unit VI: 3D Geometry - 6 Marks;
Unit VII: Applications of Integrals - 4 Marks)

Question 6 (5 Marks)
Answer the following questions.

20. Question: Find the angle between the vectors @ = 2i + 2j — k and b = 6i — 3] + 2k. 2]

. —1 8 o —1/(8
Answer: cos (7\/?)-\/@) = cos (21)

Solution: The angle 6§ between two vectors @ and b is given by:

U
S

cost) = —
|| [b]

Compute the dot product:
a-b=(2)(6)+(2)(-3)+(-1)(2)=12—-6-2=4
Compute the magnitudes:
@) =/22+22 4+ (—1)2=V4+4+1=V9=3

bl =62+ (—3)2 +22 =36 +9+4 =149 =7

Thus,

0 — -2
S =T T !

6 = cos™* <4>
21
4

Correction: The dot product is 12 — 6 — 2 = 4, so the angle is cos~! (ﬁ)

Therefore, the angle is:

21. QAue§tionA: Find Athe Yolump of the parallelopiped whose coterminous edges are 3+ 2}' + 512:,
20— j 4 3k, and ¢ — 25 + 4k. [3]
Answer: 41
Solution: The volume of the parallelopiped formed by vectors 4, ¥, and  is given by the
absolute value of the scalar triple product:

V=|u- (¥x )]

Let @ =3i+2j + 5/%7 T=2—j+ 3/%, and W =1—2j + 4. Compute the cross product v x w:
vxdi=2 -1 3| =1u((-1)(4) - (3)(=2)) —((2)(4) — B)(1)) + k((2)(=2) — (=1)(1))
1 -2 4
—i(—446) — j(8 —3) + k(-4 +1) =2 —5) — 3k
Now, compute the dot product @ - (¢ x @):
- (Tx ) =(3)(2)+(2)(=5)+ (5)(-3)=6—-10—15=—19
The volume is:
V=]-19=19

Correction: The correct volume is 19. Note: The scalar triple product is —19, so the volume is
19.



Question 7 (10 Marks)

Answer the following questions.

22.

23.

Question: Find the equation of the plane passing through the intersection of the planes
20 4+y — 2z =3 and 5z — 3y + 42 + 9 = 0 and parallel to the line 25+ = ny?’ =22 6]

Answer: 7x — 11y +22+15=0

Solution: The family of planes passing through the intersection of the given planes is:
2e+y—2z—-34+Abx—3y+42+9)=0

Simplify:
245N+ (1 -3Ny+ (-1+4N)z+(-3+91) =0

The direction ratios of the line are 2,4,5. The normal vector of the plane must be perpendicular
to the line, so:
24+50)2)+ (1 =304+ (—-14+4N)(5) =0

Solve for \: )
44+10A+4—-12A—-54+20A=0 — 3+ 18A =0 — )\:_6

Substitute A back into the plane equation:

(24 5(— )+ (1= 3(= )+ (-1 +4(~ )= + (=3 +9(~ ) =0

-2)e (e (- (33

Multiply through by 6 to eliminate fractions:

Simplify:

Tr—1ly+224+15=0

Question: Using integration, find the area bounded by the curve z = 4 — y? and the y-axis. [4]

Answer: %

Solution: The curve x = 4 — y? intersects the y-axis when x = 0:
-y =0 = y=+2

The area is symmetric about the z-axis, so compute the area for y € [0, 2] and double it:

2 32
8 16\ 32
A=2 [ @—yH)dy=2ay-L| =2(s-2)=2(=) =22
/o( vy [y 3]0 ( 3) (3) 3

SECTION C (Optional - 15 Marks)

Answer all questions from this section. (Unit VIII: Application of Calculus - 5 Marks; Unit IX: Linear
Regression - 6 Marks; Unit X: Linear Programming - 4 Marks)

Question 8 (5 Marks)

Answer the following question.



23. Question: The cost of producing x units of an item is given by C(z) = 2® — 102% + 152 + 500.
Find the level of output x at which the marginal cost is minimum, and find the minimum
marginal cost. [5]

Answer: The marginal cost is minimum at z = 12 units, and the minimum marginal cost is 1220,
3 ) 27

Solution: The marginal cost is the derivative of the cost function:

d
C'(z) = —(2® — 102% + 152 + 500) = 322 — 202 + 15
dx

To find the minimum marginal cost, take the derivative of C'(z) and set it to zero:

d 2 10
Verify the second derivative:
d? 9
Thus, = = ? is & minimum. The minimum marginal cost is:
10 10\? 10 300 200 100 200 100 125
= )=3(=] —20(— b=—-—+4+15=— - —+15=—-—"-+4+15= —
( 3 ) ( 3 ) ( 3 ) + 9 3 * 3 3 + 3 * 3
Correction:
10 100 10 300 200 100 200 100 45 55
C'l—|=3—)-20(— bh=—-—+1=——-—+4+15=—4+ —=——
( 3 ) ( 9 ) ( 3 ) + 9 3 + 3 3 + 3 + 3 3

Note: The correct minimum marginal cost is:

10 100 10 300 200 100 200 100 45 55
/ _— = _— — _— = — — — = — = — = —— _— = — —
C(3> 3<9> 20(3>+15 g~ g = - 15 3 3 3

Re-evaluation: The marginal cost function is C’(x) = 322 — 20z + 15. The critical point is at

T = 2—60 = 13—0. The minimum marginal cost is:
10 100 10 300 200 100 200 100 45 55
"= )=3(—)—-20(— 5=—-—+15=——-—+15=—F+—+—=——
C(3> 3<9> 0(3>Jr 9 3Jr 3 3+ 3+3 3

Clarification: The marginal cost is minimized at x = %, and the minimum marginal cost is

—%. However, cost cannot be negative in real-world scenarios, so the question may imply the
absolute minimum of the marginal cost function, which is a mathematical result.

Question 9 (10 Marks)

Answer the following questions.

24. Question: Solve the following Linear Programming Problem graphically: Maximize Z = 4z + y

Subject to the constraints:
z+y <50

x> 10
y=>0
4]
Answer: The maximum value of Z is 210 at the point (50, 0).
Solution: Plot the constraints:
e z+y =50 is a line with intercepts (50,0) and (0, 50).

e 1 — 10 is a vertical line.



25.

e y =0 is the x-axis.
The feasible region is bounded by these lines. The vertices of the feasible region are:
e (10,0)
e (10,40) (intersection of x = 10 and = + y = 50)
e (50,0) (intersection of x +y = 50 and y = 0)
Evaluate Z at each vertex:
e At (10,0): Z =4(10)4+0 =40
e At (10,40): Z = 4(10) + 40 = 80
e At (50,0): Z =4(50) 4+ 0 =200

Correction: The correct vertices are (10,0), (10,40), and (50, 0). The maximum value of Z is
200 at (50,0). Note: The maximum value of Z is 200 at the point (50, 0).

Question: Given by, = 0.5 and b, = 0.7. Find the coefficient of correlation r and identify a
contradiction in the given data. Assuming the data is slightly off and b,, = 0.3, find r. [6]

Answer:

e For by, = 0.5 and b,y = 0.7, the coefficient of correlation r is /0.5 x 0.7 = +/0.35 ~ 0.5916.
However, since by, X byy = 0.5 x 0.7 = 0.35 < 1, there is no contradiction.

e For by, = 0.5 and b,y = 0.3, the coefficient of correlation r is 1/0.5 x 0.3 = v/0.15 ~ 0.3873.

Solution: The coefficient of correlation r is given by:

7= /byz X by

For by, = 0.5 and b,y = 0.7:

r =+0.5 x 0.7 = v0.35 ~ 0.5916

There is no contradiction because by, X byy = 0.35 < 1. For by, = 0.5 and by = 0.3:

r =+/0.5 x 0.3 = v/0.15 ~ 0.3873



